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Abstract 

We study a nonlinear initial value Cauchy problem depending upon a complex perturbation parameter e 
whose coefficients depend holomorphically on (e, t) near the origin in and are bounded holomorphic 
on some horizontal strip in C w.r.t the space variable. In our previous contribution |14] . we assumed the 
forcing term of the Cauchy problem to be analytic near 0. Presently, we consider a family of forcing terms 
that are holomorphic on a common sector in time t and on sectors w.r.t the parameter e whose union 
form a covering of some neighborhood of 0 in C*, which are asked to share a common formal power series 
asymptotic expansion of some Gevrey order as e tends to 0. We construct a family of actual holomorphic 
solutions to our Cauchy problem defined on the sector in time and on the sectors in e mentioned above. 
These solutions are achieved by means of a version of the so-called accelero-summation method in the 
time variable and by Fourier inverse transform in space. It appears that these functions share a common 
formal asymptotic expansion in the perturbation parameter. Furthermore, this formal series expansion 
can be written as a sum of two formal series with a corresponding decomposition for the actual solutions 
which possess two different asymptotic Gevrey orders, one steming from the shape of the equation and 
the other originating from the forcing terms. The special case of multisummability in e is also analyzed 
thoroughly. The proof leans on a version of the so-called Ramis-Sibuya theorem which entails two distinct 
Gevrey orders. Finally, we give an application to the study of parametric multi-level Gevrey solutions 
for some nonlinear initial value Gauchy problems with holomorphic coefficients and forcing term in (e, t) 
near 0 and bounded holomorphic on a strip in the complex space variable. 
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1 Introduction 

We consider a family of parameter depending nonlinear initial value Cauchy problems of the 
form 


(1) Q{d;.){dtu^p{t, z, e)) = ci,2(e)(Qi(9^)u®J’(t, z, e)){Q 2 {d;,)u^p{t, z, e)) 

D-l 

+ + ^ ^ Rl{d,)u^^ {t, Z,€) 

l=l 

+ co(t, 2 ;, e)Ro{dz)u^p{t, z, e) + CF{e)f^{t, z, e) 

for given vanishing initial data u®p(0, z, e) = 0, where D >2 and 5D,k2,^i,di,5i, 1 < I < D — 1 
are integers which satisfy the inequalities (jl68p . (jl69l] and (118111 . Moreover, Q{X),Qi{X),Q 2 {X), 
Ri{X), 0 < I < D are polynomials submitted to the constraints (|17Up and which possess the 
crucial analytic properties (HZU), The coefficient co{t,z,e) is a bounded holomorphic 

function on a product D{0,r) x X 11(0, eo), where D{0,r) (resp. 11(0, cq)) denotes a disc 
centered at 0 with small radius r > 0 (resp. cq > 0) and C C is some strip of width 
/3 > 0, see ()176l) . The coefficients ci^ 2 (e) and cpie) dehne bounded holomorphic functions on 
11(0, eo) vanishing at e = 0. The forcing terms z,e), 0 < p < ? — 1, form a family of 

bounded holomorphic functions on products T x Hp X Tp, where T is a small sector centered 
at 0 contained in 11(0, r) and {Tp}o<p<^-i is a set of bounded sectors with aperture slightly 
larger than 7r/A;2 covering some neighborhood of 0 in C*. We make assumptions in order that 
all the functions e z, e), seen as functions from £p into the Banach space F of bounded 

holomorphic functions on TxHjs endowed with the supremum norm, share a common asymptotic 
expansion f(t, z, e) = Ylm>o fmit, z)£^ jra\ G F[[€]] of Gevrey order l//ci on £p, for some integer 
1 < /ci < /c 2 , see Lemma 11. 

Our main purpose is the construction of actual holomorphic solutions vpp{t,z,e) to the 
problem ([1]) on the domains T x Hp X £p and to analyse their asymptotic expansions as e tends 
to 0. 

This work is a continuation of the study initiated in [T3] where the authors have studied 
initial value problems with quadratic nonlinearity of the form 

(2) Q{dz){dtu{t,z,e)) = {Qi{dz)u{t, z,e)){Q 2 {dz)u{t, z,e)) 

D-l 

E e^‘t<^‘df‘Ri{d,)u{t,z,e) 

i=i 

+ co(t, 2 , e)Ro{dz)u{t, z, e) + f{t, z, e) 

for given vanishing initial data tt(0,2;,e) = 0, where D,Ai,di,5i are positive integers and 
Q{X),Qi{X),Q 2 {X), Ri{X), 0 < I < D, are polynomials satisfying similar constraints to the 
ones envisaged for the problem ([T]). Under the assumption that the coefficients co(t, 2 :,e) and 
the forcing term f(t,z,€) are bounded holomorphic functions on Z1(0, r) x 77^ x 71(0, cq), one 
can build, using some Borel-Laplace procedure and Fourier inverse transform, a family of holo¬ 
morphic bounded functions Up{t,z,e), 0 < p < ? — 1, solutions of ([2]), dehned on the products 
r X Hp X £p, where £p has an aperture slightly larger than Ti/k. Moreover, the functions 
e Up{t,z,€) share a common formal power series u{t,z,e) = '^rn>o z)e^ /m\ as asymp¬ 

totic expansion of Gevrey order 1/A; on £p. In other words, Up{t,z,e) is the A:—sum of u{t,z,e) 
on £p, see Definition 9. 
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In this paper, we observe that the asymptotic expansion of the solutions u^p{t,z,e) of ([T]) 
w.r.t e on £p, dehned as u{t,z,e) = z)e^/m\ E F[[e]], inherites a hner structure 

which involves the two Gevrey orders 1/ki and 1/A:2. Namely, the order 1/A:2 originates from 
the equation ([T]) itself and its highest order term Roidz) as it 

was the case in the work [T3| mentioned above and the scale 1/ki arises, as a new feature, from 
the asymptotic expansion / of the forcing terms f^p{t,z,e). We can also describe conditions for 
which u^p{t, z, e) is the {k 2 , fei)—sum of u{t, z, e) on £p for some 0 < p < ? — 1, see Definition 10. 
More specifically, we can present our two main statements and its application as follows. 

Main results Let k 2 > ki > 1 be integers. We choose a family {£p}o<p<<;-i of bounded sectors 
with aperture slightly larger than TT/k 2 which defines a good covering in C* (see Definition 1) 
and a set of adequate directions t)pEM, 0<p<?—1 for which the constraints and (|j7^[ j 

hold. We also take an open bounded sector T centered at 0 such that for every 0 < p < ? — 1, 
the product et belongs to a sector with direction Op and aperture slightly larger than /k 2 , for 
all e € £p, all t gT. We make the assumption that the coefficient co{t,z,e) can be written as a 
convergent series of the special form 


co{t, z, e) = co(e) ^ co^n{z, e){et)'^ 
n>0 


on a domain D{0,r) x Hp/ x Z)(0, cq), where Hp/ is a strip of width f3', such that T C D(0,r), 
^o<p<q-i£p C D(0, eo) and 0 < /3' < /3 are given positive real numbers. The coefficients co^niz, e), 
n > 0, are supposed to be inverse Fourier transform of functions m i—C'o,n(?7i) e) that belong 
to the Banach space £'(/ 3 ,p) (see Definition 2) for some /r > max(deg(Qi) + l,deg(Q 2 ) + 1) 
and depend holomorphically on e in D(0,eo) and co(e) is a holomorphic function on D(0,eo) 
vanishing at 0. Since we have in view our principal application (Theorem 3), we choose the 
forcing term f^p{t,z,e) as a Fourier-Laplace transform 


f^it,z,€) = 


k2 


r<+0O 


(27r)V2 


J L-ip 


u 


where the inner integration is made along some halfline L-^^ C and is an unbounded 
sector with bisecting direction Dp, with small aperture and where is a holomorphic 

function w.r.t u on defined as an integral transform called acceleration operator with indices 
mk2 and mk^, 

fill {u, m,e) = J fill {h, m, e)G{u, h) ^ 

where G{u,h) is a kernel function with exponential decay of order k = see hll6\) . 

The integration path L^i is a halfline in an unbounded sector U^ip with bisecting direction Dp 

and fill{h,m,e) is a function with exponential growth of order ki w.r.t h on UD{0,p) and 
exponential decay w.r.t m on M, satisfying the bounds (|j77| j. The function f^J’(t,z,e) represents 
a bounded holomorphic function on D x X £p. Actually, it turns out that p^{t,z,e) can be 
simply written as a mk^^—Fourier-Laplace transform of fill{h,m,e), 


f^it,z,€) = 


ki 


r>+0O 


(27r)V2 


f fill{u,m,e)e 

J L-,p 


u 


see Lemma 13. 
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Our first result stated in Theorem 1 claims that if the sup norms of the coefficients ci^ 2 (e)/e, 
co(e)/e and Ci?(e)/e on D{0,eo) are chosen small enough, then we can construct a family of 
holomorphic bounded functions u^r{t,z,e), 0 < p < ? — 1, defined on the products T x H^i x £p, 
which solves the problem m with initial data u®p(0,z,e) = 0. Similarly to the forcing term, 
u^r{t,z,€) can be written as a mk 2 —Fourier-Laplace transform 


u^p{t,z,e) 


k2 

(27r)^/^ 




e)e 




du , 
—dm 


u 


where oj’^^{u,m,e) denotes a function with at most exponential growth of order k 2 in u on 
and exponential decay in m G M, satisfying |jg?| j. The function is shown to be the 

analytic continuation of a function Acc®^ m, e) defined only on a bounded sector 

with aperture slightly larger than tt/k w.r.t u, for all m G M, with the help of an acceleration 
operator with indices 




dh 


L 1 


We show that, in general, {h, m, e) suffers an exponential growth of order larger than ki 
(and actually less than k) w.r.t h on U D{0,p), and obeys the estimates il89\) . At this 
point u^p{t,z,e) cannot be merely expressed as a Fourier-Laplace transform of and is 
obtained by a version of the so-called accelero-summation procedure, as described in w, Chapter 

5. 

Our second main result, described in Theorem 2, asserts that the functions , seen as 
maps from £p into F, for 0 < p < ? — 1, turn out to share on £p a common formal power series 
«(e) = Em>o^me™/ m! G F[[e]] as asymptotic expansion of Gevrey order 1/ki. The formal series 
u{e) formally solves the equation m where the analytic forcing term z, e) is replaced by its 
asymptotic expansion f{t,z,e) G F[[e]] of Gevrey order \/k\ (see Lemma 11). Furthermore, the 
functions u^p and the formal series u own a fine structure which actually involves two different 
Gevrey orders of asymptotics. Namely, u^p and u can be written as sums 

n(e) = a(e) + ni(e) + n 2 (e) , u^p{ t,z,e) = a{e)uf {e)-\-ufi{e) 


where a(e) is a convergent series near e = 0 with coefficients in F and ui{e) (resp. U 2 {e)) 
belongs to F[[e]] and is the asymptotic expansion of Gevrey order 1/ki (resp. l/k 2 ) of the 
¥—valued function (e) (resp. v^fi{e)) on £p. Besides, under a more restrictive assumption 

on the covering {Fp}o<p<?-i o,nd the unbounded sectors {C/op}o<p<<;-i (see Assumption 5 in 
Theorem 2), one gets that u^Po(t,z,e) is even the {k 2 ,ki)—sum of u{e) on some sector Sp^, with 
0 < Po < — 1, meaning that n^™(e) can he analytically continued on a larger sector 

containing Ep^, with aperture slightly larger than n/ki where it becomes the ki — sum o/ni(e) and 
by construction (e) is already the k 2 —sum of U 2 {e) on Ep^, see Definition 10. 

As an important application (Theorem 3), we deal with the special case when the forcing 
terms pp{t,z,e) themselves solve a linear partial differential equation with a similar shape as 
m, see F26(A} . whose coefficients are holomorphic functions on D{0,r) x ILjs x D{0,eo). When 
this holds, it turns out that u^p{t,z,e) and its asymptotic expansion u{t,z,e) solves a nonlinear 
singularly perturbed PDF with analytic coefficients and forcing term on D{0, r) x Hp x D{0, eo), 
see f264D - 
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We stress the fact that our application (Theorem 3) relies on the factorization of some 
nonlinear differential operator which is an approach that belongs to an active domain of research 
in symbolic computation these last years, see for instance m, m, ca, m, m, issi. 

We mention that a similar result has been recently obtained by H. Tahara and H. Yamazawa, 
see [3T], for the multisummability of formal series u{t,x) = Yln>o'^n{x)t'^ G C>(C'^)[[t]] with 
entire coefficients on C^, iV > 1, solutions of general non-homogeneous time depending linear 
PDEs of the form 

dr^ + = f{t, x) 

j+\a\<L 

for given initial data ((9ju)(0,x) = ^j{x), 0 < j < m — 1 (where 1 < m < L), provided that the 
coefficients aj^ait) together with 1 1 -)- f{t,x) are analytic near 0 and that ifj{x) with the forcing 
term x e-)• f(^t, x) belong to a suitable class of entire functions of finite exponential order on C^. 
The different levels of multisummability are related to the slopes of a Newton polygon attached 
to the main equation and analytic acceleration procedures as described above are heavily used 
in their proof. 

It is worthwhile noticing that the multisummable structure of formal solutions to linear and 
nonlinear meromorphic ODEs has been discovered two decades ago, see for instance m, IS], 0, 
nn, m, m, but in the framework of PDEs very few results are known. In the linear case 
in two complex variables with constant coefficients, we mention the important contributions 
of W. Balser, [I] and S. Michalik, [22], [23]. Their strategy consists in the construction of a 
multisummable formal solution written as a sum of formal series, each of them associated to 
a root of the symbol attached to the PDE using the so-called Puiseux expansion for the roots 
of polynomial with holomorphic coefficients. In the linear and nonlinear context of PDEs that 
come from a perturbation of ordinary differential equations, we refer to the works of S. Ouchi, 
|25] . [26] . which are based on a Newton polygon approach and accelero-summation technics as 
in m- Our result concerns more peculiarly multisummability and multiple scale analysis in the 
complex parameter e. Also from this point of view, only few advances have been performed. 
Among them, we must mention two recent works by K. Suzuki and Y. Takei, [30] and Y. Takei, 
[32], for WKB solutions of the Schrodinger equation 

eV"(-^) = {z- 

which possesses 0 as fixed turning point and as movable turning point tending to 

inhnity as e tends to 0. 

In the sequel, we describe our main intermediate results and the sketch of the arguments 
needed in their proofs. In a first part, we depart from an auxiliary parameter depending initial 
value differential and convolution equation which is regularly perturbed in its parameter e, see 
dza). This equation is formally constructed by making the change of variable T = et in the 
equation ([1]) and by taking the Fourier transform w.r.t the variable z (as done in our previous 
contribution M)- We construct a formal power series U{T,m,€) = X]n>i Unim,e)T'^ solution 
of (|72p whose coefficients m i—[/^(m,, e) depend holomorphically on e near 0 and belong to 
a Banach space of continuous functions with exponential decay on R introduced by O. 

Costin and S. Tanveer in m- 

As a first step, we follow the strategy recently developped by H. Tahara and H. Yamazawa 
in m, namely we multiply each hand side of (|72p by the power which transforms it into 

an equation (1771) which involves only differential operators in T of irregular type at T = 0 of the 
form with P > ki + 1 due to the assumption (ITU) on the shape of the equation ([721) . Then, 
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we apply a formal Borel transform of order /ci, that we call Borel transform in Definition 
4, to the formal series U with respect to T, denoted 

uJkAr,m,e) = ^ 

Then, we show that (r, m, e) formally solves a convolution equation in both variables r and 
m, see (f85]l . Under some size constraints on the sup norm of the coefficients ci^ 2 (e)/e, co(e)/e and 
Cir(e)/e near 0, we show that m, e) is actually convergent for r on some fixed neighborhood 

of 0 and can be extended to a holomorphic function (r, m, e) on unbounded sectors Ud centered 
at 0 with bisecting direction d and tiny aperture, provided that the —Borel transform of the 
formal forcing term F[T, m, e), denoted ipki {t, m, e) is convergent near r = 0 and can be extended 
on Ud w.r.t r as a holomorphic function (r, m, e) with exponential growth of order less than 
ki- Besides, the function m,e) satishes estimates of the form: there exist constants > 0 

and zud > 0 with 

for all r G Ud, all m G M, all e € D(0,eo), see Proposition 11. The proof leans on a fixed 
point argument in a Banach space of holomorphic functions k) studied in Section 2.1. 

Since the exponential growth order k of is larger than ki, we cannot take a Laplace 
transform of it in direction d. We need to use a version of what is called an accelero-summation 
procedure as described in [T], Chapter 5, which is explained in Section 4.3. 

In a second step, we go back to our seminal convolution equation (I72p and we multiply each 
handside by the power r*' 2 +i -v^rhich transforms it into the equation (jl23n . Then, we apply 
a mfcj—Borel transform to the formal series U w.r.t T, denoted uJk 2 iT,m,e). We show that 
Wfcj( t, Jn-, e) formally solves a convolution equation in both variables r and m, see (I125j> . where 
the formal 171 ^ 2 —Borel transform of the forcing term is set as ^)- Now, we observe that 

a version of the analytic acceleration transform with indices k 2 and ki constructed in Proposition 
13 applied to (r, m, e), standing for (r, m, e), is the k— sum of f) w.r.t r on some 

bounded sector with aperture slightly larger than tt/k, viewed as a function with values 
in Furthermore, can be extended as an analytic function on an unbounded 

sector Sd,K with aperture slightly larger than tt/k where it possesses an exponential growth 
of order less than k 2 , see Lemma 4. In the sequel, we focus on the solution m, e) of the 

convolution problem ()134p which is similar to ()125p but with the formal forcing term 'ijjk 2 E) 
replaced by 'ipk^ir, m, e). Under some size restriction on the sup norm of the coefficients ci^ 2 {^)/^, 
co(e)/e and cpiFj/e near 0, we show that defines a bounded holomorphic function 

for r on the bounded sector ^ and can be extended to a holomorphic function on unbounded 
sectors Sd with direction d and tiny aperture, provided that Sd stays away from the roots of some 
polynomial PmiT) constructed with the help of Q{X) and Rd{X) in ([1]), see (II36I) . Moreover, 
the function oof^{T, m, e) satisfies estimates of the form: there exist constants U > 0 and Vd > 0 
with 

K(T.m.e)| < vM + 

for all r G Sd, all m G M, all e G D(0, eo), see Proposition 14. Again, the proof rests on a fixed 
point argument in a Banach space of holomorphic functions F^^, ^ ^ outlined in Section 2.2. 
In Proposition 15, we show that uj'^^{T,m,e) actually coincides with the analytic acceleration 
transform with indices and mk^ applied to u}f^{T,m,e), denoted Accf.^y^{ojf.^){T,m,e), as 
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long as r lies in the bounded sector As a result, some 171 ,^ 2 —Laplace transform of the 

analytic continuation of Accf^ set as U^{T,m,e), can be considered for all T 

belonging to a sector Sd,e^^,h with bisecting direction d, aperture slightly larger than 7 r//c 2 
and radius h > 0. Following the terminology of [T], Section 6.1, U'^{T,m,e) can be called the 
(rufej, sum of the formal series U{T,m,e) in direction d. Additionally, U'^{T,m,e) solves 

our primary convolution equation ()72l) . where the formal forcing term F{T, m, e) is interchanged 
with F‘^{T,m,e) which denotes the W'A:i)~sum of F in direction d. 

In Theorem 1, we construct a family of actual bounded holomorphic solutions vP^{t,z,e), 
0 < p < ? — 1, of our original problem m on domains of the form T x X £p described in 
the main results above. Namely, the functions u^p{t,z,e) (resp. z,€)) are set as Fourier 

inverse transforms of 

z, e) = F~^{m i-)- m, e)){z) , z, e) = F~^{m F^^{et, m, e)){z) 

where the definition of F~^ is pointed out in Proposition 9. One proves the crucial property that 
the difference of any two neighboring functions {t, z, e) — vpp(t, z, e) tends to zero as e ^ 0 
on £p+i n £p faster than a function with exponential decay of order k, uniformly w.r.t t & T, 
z € Hpi, with k = k 2 when the intersection H is not empty and with k = ki, when this 

intersection is empty. The same estimates hold for the difference z, e) — 2 :, e). 

The whole section 6 is devoted to the study of the asymptotic behaviour of vpp(t,z,€) as 
e tends to zero. Using the decay estimates on the differences of the functions u^p and f^p, 
we show the existence of a common asymptotic expansion u{e) = X]m>o G ^[[f]] 

(resp. /(e) = X]m>o^ Gevrey order 1/ki for all functions vpp{t,z^e) (resp. 

f^p{t, z, e)) as e tends to 0 on £p. We obtain also a double scale asymptotics for u^p as explained 
in the main results above. The key tool in proving the result is a version of the Ramis-Sibuya 
theorem which entails two Gevrey asymptotics orders, described in Section 6.1. It is worthwhile 
noting that a similar version was recently brought into play by Y. Takei and K. Suzuki in [3U| . 
[32], in order to study parametric multisummability for the complex Schrodinger equation. 

In the last section, we study the particular situation when the formal forcing term F{T, m, e) 
solves a linear differential and convolution initial value problem, see (|225p . We multiply each 
handside of this equation by the power which transforms it into the equation ()229p . Then, 

we show that the Borel transform m, e) formally solves a convolution equation in 

both variables r and m, see (|233p . Under a size control of the sup norm of the coefficients co(e)/e 
and CF(e)/e near 0 , we show that ' 0 fc^(r, m,e) is actually convergent near 0 w.r.t r and can be 
holomorphically extended as a function (r, m, e) on any unbounded sectors with direction 
t)p and small aperture, provided that 1 / 5 ^ stays away from the roots of some polynomial Pm('r) 
constructed with the help of Q(Y) and Rd(Y) in (12251) . Additionally, the function m, e) 

satisfies estimates of the form: there exists a constant r; > 0 with 

|<;(T.m.e)| < t,(l + 

for all T G f/jp, all m G M, all e G D{0,eo), see Proposition 18. The proof is once more based 
upon a fixed point argument in a Banach space of holomorphic functions F^^ ^ ^ defined in 

Section 2.1. These latter properties on '0 ^('(t, m,e) legitimize all the assumptions made above 
on the forcing term F{T,m,e). Now, we can take the Laplace transform (V'fc(’)(T) of 
m, e) w.r.t r in direction dp, which yields an analytic solution of the initial linear equation 
()225p on some bounded sector with aperture 6k^ slightly larger than ir/ki. It comes to 










light in Lemma 13, that coincides with the analytic sum F^p{T,m,e) 

of F in direction t)p on the smaller sector with aperture slightly larger than T:/k 2 - We 

deduce consequently that the analytic forcing term pp{t, z, e) solves the linear PDE ()260p with 
analytic coefficients on D{0,r) x Hp/ x H(0, cq), for all t G T, 2 ; G Hpi, e G £p. In our last main 
result (Theorem 3), we see that this latter issue implies that vpp{t,z,e) itself solves a nonlinear 
PDE (|264l) with analytic coefficients and forcing term on 11(0, r) x Hp: X D(0, eo), for all t gF, 
z G Hp/, e G £p. 

The paper is organized as follows. 

In Section 2, we dehne some weighted Banach spaces of continuous functions on (11(0, p)DU) xM. 
with exponential growths of different orders on unbounded sectors U w.r.t the hrst variable and 
exponential decay on M w.r.t the second one. We study the continuity properties of several kind 
of linear and nonlinear operators acting on these spaces that will be useful in Sections 4.2, 4.4 
and 7.2. 

In Section 3, we recall the dehnition and the main analytic and algebraic properties of the 
mfc—summability. 

In Section 4.1, we introduce an auxiliary differential and convolution problem (|72l) for which we 
construct a formal solution. 

In Section 4.2, we show that the Borel transform of this formal solution satishes a convo¬ 
lution problem (I85p that we can uniquely solve within the Banach spaces described in Section 
2 . 

In Section 4.3, we describe the properties of a variant of the formal and analytic acceleration 
operators associated to the Borel and Laplace transforms. 

In Section 4.4, we see that the Borel transform of the formal solution of ()72p satishes a 
convolution problem ()125p . We show that its formal forcing term is k— summable and that its 
K—sum is an acceleration of the Borel transform of the above formal forcing term. Then, 

we construct an actual solution to the corresponding problem with the analytic continuation of 
this K—sum as nonhomogeneous term, within the Banach spaces dehned in Section 2. We recog¬ 
nize that this actual solution is the analytic continuation of the acceleration of the Borel 
transform of the formal solution of (j72l) . Finally, we take its Laplace transform in order 
to get an actual solution of (11671) . 

In Section 5, with the help of Section 4, we build a family of actual holomorphic solutions to 
our initial Cauchy problem ©• We show that the difference of any two neighboring solutions is 
exponentially flat for some integer order in e (Theorem 1). 

In Section 6, we show that the actual solutions constructed in Section 5 share a common formal 
series as Gevrey asymptotic expansion as e tends to 0 on sectors (Theorem 2). The result is 
buit on a version of the Ramis-Sibuya theorem with two Gevrey orders stated in Section 6.1. 

In Section 7, we inspect the special case when the forcing term itself solves a linear PDE. Then, 
we notice that the solutions of ([T]) constructed in Section 5 actually solve a nonlinear PDE with 
holomorphic coefficients and forcing term near the origin (Theorem 3). 

2 Banach spaces of functions with exponential growth and decay 

The Banach spaces introduced in the next subsection 2.1 (resp. subsection 2.2) will be crucial in 
the construction of analytic solutions of a convolution problem investigated in the forthcoming 
subsection 4.2 (resp. subsection 4.4). 
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2.1 Banach spaces of functions with exponential growth k and decay of ex¬ 
ponential order 1 

We denote D{0,r) the open disc centered at 0 with radius r > 0 in C and D{0,r) its closure. 
Let Ud be an open unbounded sector in direction d G M centered at 0 in C. By convention, the 
sectors we consider do not contain the origin in C. 


Definition 1 Let ly, /3, > 0 and p > 0 be positive real numbers. Let k > 1, k > 1 he integers 

and d G M. We denote vector space of continuous functions {T,m) e-)- h{T,m) on 

{D{0,p) U Ud) X M, which are holomorphic with respect to r on D{0,p) U Ud and such that 

1 + 

= _ sup (l + |m|)^---exp(/3|m| - z^|r|'')|/i(r,m)| 


is finite. One can check that the normed space {F^y p ^ f^p\\-\\{u,p,p.,k,K,)) is a Banach space. 

Remark: These norms are appropriate modifications of those introduced in the work 
Section 2. 


Throughout the whole subsection, we assume p, I3,n, p > 0, k, k > 1 and d G M are fixed. In 
the next lemma, we check the continuity property under multiplication operation with bounded 
functions. 


Lemma 1 Let {T,m) i— a{T,m) be a bounded continuous function on {D{0,p) U Ud) xM by a 
constant Ci > 0. We assume that a{T,m) is holomorphic with respect to r on D{0,p) U Ud. 
Then, we have 

(3) l|a(r,m)h(T,m)||(j,^^_^^fc^^) < Ci\\h{T,m)\\(y^p^^^i,^p^ 

for all h{T,m) G 

In the next proposition, we study the continuity property of some convolution operators 
acting on the latter Banach spaces. 

Proposition 1 Let X 2 > be a real number. Let i >2 > —1 be an integer. We assume that 

1 + X2 + 1^2 > 0. 


If K > k{^^^ + 1); then there exists a constant C 2 > 0 (depending on n,n 2 ,X 2 ) such that 


(4) II / - s)^^s''^f{s^/'^,m)ds\\(y^p^^^k,K) <C2\\fiT,m)\\(^y^p^^^k,K) 

Jo 

for all /(r,m) G 

Proof Let /(r, m) G pk k)- definition, we have 

(5) II [ - s)^^s'^^f{s^^’‘,m)ds\\^y^p^^^k,K) 

Jo 


sup (1 + |m|)^ ^ 
Ts5(0,p)uC/di"*sR L I 


2k 


■ exp(/3|m| — i^|t|'^) 


X I / {(1 + |m|)'^e^l™l exp(-z^|s|^/^) \^jfj /(sV^ m)} 

Jo \sr^ 


X B{t, s, m)ds| 
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where 

Therefore, 

( 6 ) 

where 


B(r s m) = _i_ /3H exp(^|gr/") | |i/fc. 


M2 


(r^ - ,m)ds\\(^^^p^f,^k,K) < <^ 2 !|/(r,m)| 


(7) C 2 = _sup ^ 

TeD{o,p)uUd 


2k 


exp(-z^|r|'') / 

Jo 


'' _ f^^^x2f^>^2^h = supB{x) 

1 + x>o 


where 




ex' 


p(i/W^) 1 


l + /i 2 


hk+’^^{x - hY^dh. 


We write B{x) = -Bi(x) + B 2 {x), where 


= ^X/k exp(-i/x''/^) 


X 




l + /l 2 
1+^2 


exp(-i'a:’='"=) J 




/2 1 + /i 2 

Now, we study the function -Bi(x). We hrst assume that — 1 < X 2 < 0. In that case, we have 
that (x — < (x/ 2)^2 fg,;. all 0 < /i < x/2 with x > 0. Since 122 > —1, we deduce that 

1 + X^ ,X,^^ _,,„^/k i_ 


(8) Bl(-) S ^(f 


< (1 + ‘ -^(i)i+xi+x2 exp{-F(l - -^)x''"‘) 

^2Vfc(i + z/2 +1) ^2^ ^ ^ 

foi all X > 0. Since k > k and 1 + X 2 + *^2 > 0, we deduce that there exists a constant Ki > 0 
with 


(9) 


sup-Bi(x) < Ki. 

x>0 


We assume now that X 2 ^ 0. In this situation, we know that {x — h)^^ < x^^ for all 0 < h < x/2, 
with X > 0. Hence, since 122 > —1, 


( 10 ) 


Bi{x) < (1 + x^) 


1 


x^^(x/ 2 )'^^+iexp(-z.(l-^)x'^/'=) 


2Vfc(i+Z/2 + 1) 


for all X > 0. Again, we deduce that there exists a constant Ki i > 0 with 


( 11 ) 


sup Hi (x) < -Ai.i- 

x>0 


In the next step, we focus on the function B 2 {x). First, we observe that I + > 1 + (x/2)2 for 

all x/2 < h < X. Therefore, there exists a constant K 2 > 0 such that 


( 12 ) H 2 (x)< 


1 + x2 1 

l + (f)2xVfc 


ex' 


:p{-i2x'^/’^) / exp{i2h^/’^)h^+’'^{x - h^^dh 


lx/2 

< iF2iexp(-jyx^/^) [ exp{uh^/’^)h^+’'^{x-h)^Mh 
xVfe In 
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for all X > 0. It remains to study the function 

B2.i{x) = [ — h)^^dh 

Jo 

for a: > 0. By the uniform expansion / n\ on every compact interval [0, x], 

X > 0, we can write 

(13) B 2 i(x) = y^^ [ — h)^'^dh 

n\ n 

n>o 


Using the Beta integral formula (see [3], Appendix B3) and since X 2 > —1, ^ + > —1, we can 

write 


(14) 


^ 2 . 1 ( 33 ) 


E 

n>0 


12 ^ r(x2 + i)r(^ + ^ + +1) 1 

n! r(f + i + z/2 + X2 + 2 ) 


for all X > 0. Bearing in mind that 


(15) 


r(x)/r(x + a) ~ i/x“ 


as X —>■ +00, for any a > 0 (see for instance, [3], Appendix B3), from (fT4|) . we get a constant 
K 2 ,i > 0 such that 


(16) 


(x) < 


/. ,^K./k\n 


for all X > 0. Using again (fTKI) . we know that l/(n + l)^ 2 +i ^ _|_ l)/r(n + X 2 + 2) as 

n —>■ +00. Hence, from (fTBIl . there exists a constant K 2.2 > 0 such that 

(17) Bzi(i) < E n 

frl r(n + X2 + 2) 


for all X > 0. 

Remembering the asymptotic properties of the generalized Mittag-Lefher function (known 
as Wiman function in the literature) Ea^piyZ) = X]„>o^"'/^(id + an), for any a,/3 > 0 (see [3], 
Appendix B4 or HD, expansion (22) p. 210), we get from (fT7|) a constant 1 X 2.3 > 0 such that 

(18) B2.i( 3:) < A:2.3X^+'^2+^2+l3.-f(X2+l)g^W'= 

for all X > 1. Under the assumption that ^2 + X 2 + 1 < f (X 2 + 1) and gathering (fT^ . (fTHIl . we 
get a constant A 2.4 > 0 such that 

(19) supH2(a;) < A'2.4- 

3;>0 

Finally, taking into account the estimates Q, ([7]), Q, (fTTIl . (fT^ . the inequality dH follows. □ 

Proposition 2 Let k,K>l he integers such that K>k. Let Qi{X),Q 2 {X), R{X) G C[A] such 
that 


(20) 


deg{R) > deg(Qi) , deg(R) > deg(Q 2 ) , R{im) / 0 
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for all m G M. Assume that fi > max(deg((5i) + 1, deg((52) + !)• Le:t m i-G bim) he a continuous 
function on M such that 


\b{m)\ < 


for all m G 


\R{im)\ 

Then, there exists a constant C 3 > 0 (depending on Qi,Q 2 ,R, such 


that 


rA ^ rs ^+00 

(21) \\b{m) / ('T^ —s)^(/ / Qi{i{m — mi))f{{s — x)^^^,m — mi) 

Jo Jo J —00 

X Q2{imi)g{x^^’^,mi)—^—dxdmi)ds\\(^^^g^^^k,K) 

(5 X j X 

< C'a 11 /(t, m) 11 {u,g,i,,k,K) \\g{r,m)\\ {u,g,i,,k,K) 


for all fiT,m),g{T,m) G • 

Proof Let f{T,m),g{T,m) G F^yg^kn)' t £ D{0,p) U Ud, the segment [0,t^] is such 

that for any s G [0, r^], any x G [0, s], the expressions /((s — x)^^^,m — nii) and g{x^/^,mi) are 
well defined, provided that m, mi G K. By definition, we can write 


5 /*H- 0 D 


\\b{m) [ {T^ — s)k{j I Qi{i{m — mi))f{{s — x)^^^,m — mi) 

Jo Jo J —00 


X Q2{imi)g{x^/’",mi)—^—dxdmi)ds\\(^y^g^^^k,K) 


{s — x)x 
, 1 + |r 


2 k 


sup (1 + |m|)^- 

TeD( 0 ,p)UUd,meM. I'^l 


■ exp(/3|m| — k'lrl^) 


Jo Jo J -00 \s-xjf>^ 


X /((s — x)^/^,m — mi)} X {(1 + ImiD^e^l'"^ 


1 + |x| 


X 


\l/k 


■ exp(—mi)} 

X C{s,x,m,mi)dxdmi)ds\ 


where 




1 


Now, we know that there exist £2i,£12,91 > 0 with 


( 22 ) |Qi(f(m-mi))| <ni(l + |m-mi|)'i^g('3i) , |Q 2 (fmi)| < £ 22(1 + |mi|)<^'^g('52)^ 

\R{im)\ > 91(1 + 
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for all m, mi E M. Therefore, 


(23) \\b{m) f 

JO 


-s)^{ 


s p+oo 



Qi{i{m — mi))f{{s — ,m — mi) 


0 J —oo 


X Q2{imi)g{x^l^,mi)^-—-—dxdmi)ds\\(^^^p^^^k,K) 

(5 tC ) X 

< Cal |/(r, m )| |(i., I l5('r, m)\ \ 


where 
(24) C3 = 


1 


1 + ItP^ 

sup (l + |m|)^ —]-exp(/3|m| — z^IrT)—^-;——;— 


Jo Jo 


h /*+co 


exp(—/3|mi|) exp(—/3|m — mi\) 
(1 + |m — mi\)i^{l + |mi|)^ 




X exp(i/(/i - x)'^/^) exp(z^x^/^) 


1 


{h — x)x 


dxdmi)dh 


Now, since k > k, we have that 

(25) >{h- x)^/'^ + x^/^ 

for all h > 0, all X € [0,/i]. Indeed, let x = hu where u E [0,1]. Then, the inequality 
equivalent to show that 


IS 


(26) 


1 > (1 - 


for all u E [0,1]. Let (p{u) = (1 — n)'^/^ + on [0,1]. We have (/^’'(n) = “ (1 “ 

Since, k > k, we know that the function ip{z) = zk~^ is increasing on [0,1], and therefore we 
get that ip'{u) < 0 if 0 < rt < 1/2, (p'{u) = 0, if u = 1/2 and (p'{u) > 0 if 1/2 < tt < 1. Since 
(^(0) = Lp{l) = 1, we get that (^(u) < 1 for all u E [0,1]. Therefore, (f^ holds and ([2^ is proved. 


Using the triangular inequality jmj < jmij + |m — mij, for all m,mi E M, we get that 
C's < C' 3 .iC' 3,2 where 


(27) C3,i = ^^sup(l + |m|)'^-'''^g(^) 

•U mSK J—oo 


1 


(1 + |m - mi|)/"-d®gWi)(l + |mi|)/"-<i®gW2) 


dmi 


which is finite whenever fi > max(deg((5i) + l,deg(( 52 ) + 1) under the assumption (f20]l using 
the same estimates as in Lemma 4 of [20] (see also Lemma 2.2 from [TO]), and where 


sup 
reD{0,p)UUd 


1 + |r 


2k 


■ exp(—z/jrj'^) 


r 

/ (|r|^-/i)i/^exp(i//i''/^) 

Jo Jo 


{h — x)^/^x^/^ 


0 (1 + (h — x)2)(l + x^) (/i — x)x 


dxdh. 


(28) (73.2 — 
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From (j28t) we get that (73.2 < Cs.s, where 

Hx - exp(i//i'^/^) 

Jo 


1 + 

(29) Cs.s = sup —777- exp( - 


ic>0 ^ 


1/fc 




(1 + (h' - x')2)(l + x'2) (/j/ _ x')^"^x'^-i 
By the change of variable x' = h'u, for u G [0,1], we can write 


-dx')dh' 


.h' 

(30) 

Jo 


-dx' 


(1 + {h' - x')2)(l + x'2) (/j/ _ 

1 1 
k Jo 


h'^ k Jo (1 + + h'‘^u‘^){l — uy ku 


1 1 dll Jk (^ ) 

-L IZ ^ 1 -L TT 


Using a partial fraction decomposition, we can split Jk{h') = Ji,k{h') + J 2 ,k{h'), where 
(31) JiA:(/i') =- 2 ^ - 


fc(/l'2+4)40 (1 +/l'2(l — tt)2)(l — u)^ fc 

J2,k{h') = 


-drt 


2n + 1 


,- 

h'^~J (/i'2 + 4) 7o (1 + — uy~ku^~k 

From now on, we assume that k >2. By construction of Ji^k{h') and J 2 ,kih'), we see that there 
exists a constant jk > 0 such that 


(32) 


Jk{h') < 


Jk 


/i'^-fc(/i'2 + 4) 


for all h' > 0. From (f2^ and (l32]) . we deduce that Cs.a < sup,j,>Q C'3,3(x), where 

(33) Co.o{x) = (1 + xy exp(-z/x'"/*^) [ 

Jo 


jk exp(t//t"^/^) 


0 /i'i-fe(/i'2+4) 


From L’Hospital rule, we know that 

lim 


Cs.six) = lim -s— ^ - 

x ^+00 x->+oo ^1--^ i,llxk ^(14-x 2) —2x 


which is finite if k > k and when k > 2. Therefore, we get a constant (73.3 > 0 such that 


(34) 


SUpC3.3(x) < (73.3. 
x>0 


Taking into account the estimates for (IMl) . ([STD, (1251) . ([2^ . (1551) and (1541) . we obtain the result 

(EH). 

It remains to consider the case k = 1. In that case, we know from Corollary 4.9 of [9] that there 
exists a constant ji > 0 such that 


ji 

/i'2 + 1 


(35) 


Ji{h') < 
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for all h' > 0. From (f29|) and (1351) . we deduce that Cs.a < sup 3 ,>o C 3 . 3 ,i(x), where 

(36) C3,3,i{x) = (1 + exp(-zyx'") [ 

Jo 


ji exp{uh'^)^^, 


From L’Hospital rule, we know that 


/o + 1 

(1 + x2)ji 


lim C 3 . 3 .i(x) = lim - 
x^+oo X^+OOVKX^ ^{l-\-X^) — IX 

which is finite whenever k>1. Therefore, we get a constant Cs.a.i > 0 such that 


(37) 


sup (73.3.1 (x) < (73.3.1. 
x>0 


Taking into account the estimates for ((271) . (pHIl . (f29]l . (p6]l and (f37)l . we obtain the result 
dsn for A: = 1. □ 

Definition 2 Let /3, /i G M. We denote the vector space of eontinuous functions h : R —>• 

C such that 

\\h{'i^)\\il3,fi) = sup(l + |m|)^exp(/3|m|)|/i(m)| 

mSK 

is finite. The space F'(/ 3 ,it) equipped with the norm ||.||(/ 3 ^^) is a Banach space. 

Proposition 3 Letk,K > 1 be integers such that k > k. Let Q{X), R{X) G C[7f] be polynomials 
such that 

(38) deg(i?) > deg((5) , R{im) / 0 

for all m G R. Assume that /r > deg((5) + 1. Let m h{m) he a continuous function such that 


\b{m)\ < 


1 


\R{im)\ 

for all m G R. Then, there exists a constant C 4 > 0 (depending on Q, R, /x, k,K,u) such that 


rr"- ^ j'+oo j 

( 39 ) \\b{m) j - s)k j f{m-mi)Q{imi)g{s^/^— 

J —CO ^ 

< (7411 /(m) 11 \\g{T,m)\\ 

for all f{m) G all g{T,m) G 

Proof The proof follows the same lines of arguments as those of Propositions 1 and 2. Let 
/(m) G g{T,m) G We can write 

rr^ 1 r+°° dg 

( 40 ) N 2 -.= \\b{m) {t^ - s)k I f{m - mi)Q{imi)g{s^/^ ,mi)dmi — \\^,,^p^^,^k,K) 

Jo J —00 ^ 

1 + 

= sup (l + |m|)^-j—j-exp(/3|m| — ix|r|'^) 

TsS( 0 ,p)U[/d,mSR L I 


X \b{m) 


fT f + OO 


{(1 + |m — mi|)^ exp(/3|m — mi|)/(m — mi)} 


' 0 J —00 


1 ~\~ l^l 

X {(1 + |mi|)^exp(/3|mi|)exp(-z/|s|'"/^) ' g{s^/^ ,mi)} X V{T^s^m^mi)dmids\ 
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where 


V{t, s, m, mi) = 




X ?2Pld£h|,|l/-=(^«. _ ,)iAi 

s 


(1 + |m — mi|)^(l + |mi|)^ 1 + |sp 

Again, we know that there exist constants 0,91 > 0 such that 

|Q(imi)| < 0(1 + , \R{im)\ > 91(1 + 

for all m,mi E M. By means of the triangular inequality \m\ < \mi\ + |m — mi|, we get that 


(41) 

where 


N2 < C'4.lC'4.2||/(m)||(^^^)||5f(T,m)||(jx,/3,^,fc,K) 


04,1 = sup 

TeD{o,p)uUd 


1 + |r 


2k 


■ exp(-i/|r|'') 


Hr|'‘ 


ex 




l + /l2 


and 


0 r+oo 

C4.2 = ^snp{l + \m\r-^^^^^'> / 

mGM J—oo 


-dmi- 


(1 + |m - mi\Y{l + ImiD/^-degW) 

Under the hypothesis k > k and from the estimates ©, dm) and m in the special case 
X 2 = 1/fc and 1^2 = —1) we know that (74,1 is finite. 

From the estimates for (j27p . we know that 0^,2 is finite under the assumption (l.lSp provided 
that fj, > deg((5) + 1. Finally, gathering these latter bound estimates together with (HTI) yields 
the result (139]). □ 


In the next proposition, we recall from in, Proposition 5, that 11 ■ 11 ) is a Banach 

algebra for some noncommutative product * introduced below. 

Proposition 4 Let Qi{X),Q 2 {X), R{X) E C[X] be polynomials such that 

(42) deg(i?) > deg((5i) , deg(i?) > deg{Q 2 ) , R{im) / 0, 

for all m E M. Assume that /i > max(deg((5i) + l,deg{Q 2 ) + 1). Then, there exists a constant 
(75 > 0 (depending on Qi,Q 2 , R, such that 

2 r+oo 

(43) II ' / (5i(i(m - mi))/(m - mi)Q 2 (*mi)fi((mi)dmi||(^^^) 

tlylTTlj J_oo 

< C'5||/(m)ll(/3,M)ll5("i)ll(/3,i.) 

for all f{m),g{m) E Therefore, ||.||(/ 3 ,^)) becomes a Banach algebra for the prod¬ 

uct -k defined by 


fkg{m) = / / 

R[im) J_ 


+OD 


Qi{i{m — mi))/(m — mi)Q 2 {imi)g{mi)dmi. 

As a particular case, when f,g€ .E'(/3,/x) with f3 > 0 and fr > 1, the classical convolution product 

/ + 00 

f{m - mi)g{mi)dmi 

-OO 


belongs to 
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2.2 Banach spaces of functions with exponential growth k and decay of ex¬ 
ponential order 1 

In this subsection, we mainiy recaii some functionai properties of the Banach spaces aiready 
introduced in the work [Hj, Section 2. The Banach spaces we consider here coincide with those 
introduced in [H] except the fact that they are not depending on a compiex parameter e and 
that the functions iiving in these spaces are not hoiomorphic on a disc centered at 0 but oniy 
on a bounded sector centered at 0. For this reason, aii the propositions are given without proof 
except Proposition 5 which is an improved version of Propositions 1 and 2 of HU. 

We denote 5*^ an open bounded sector centered at 0 in direction d G M and its closure. 
Let Sd be an open unbounded sector in direction d. By convention, we recall that the sectors 
we consider throughout the paper do not contain the origin in C. 


Definition 3 Let /3, /r > 0 be positive real numbers. Let k > 1 be an integer and let d G M. 
We denote ^ ^ the vector space of continuous functions (r, m) i-)- /i(t, m) on (<S^U Sd) x M, 
which are hoiomorphic with respect to r on S^U Sd and such that 

\\hiT,m)\\(y^j3,^,,k) = _ sup (l + |m|)'"---exp(^|m| - z.^|r|*^)|h(r,m)| 


is finite. One can check that the normed space [F^yp^f^y IM 


is a Banach space. 


Throughout the whole subsection, we assume that > 0 and /c > 1, d G M are fixed. 

In the next lemma, we check the continuity property by multiplication operation with bounded 
functions. 


Lemma 2 Let (r, m) a(r, m) be a bounded continuous function on {S^ U Sd) x M, which is 
hoiomorphic with respect to r on S^U Sd. Then, we have 

(44) ||a(r,m)/i(r,m)||(^_/3^^^fc) < _ sup |a(r,m)| 

\T£S^USd,meM. ) 

for all h{T,m) G 

In the next proposition, we study the continuity property of some convolution operators 
acting on the latter Banach spaces. 


Proposition 5 Let 71 > 0 and X 2 > ~1 be real numbers. Let 1/2 > —1 be an integer. We 
consider a hoiomorphic function a.y^_fc(r) on S^ U Sd, continuous on S^ U Sd, such that 


a-yi,k{T)\ < 


1 

(T+lrpy^ 


for all r G U Sd. 

// 1 + X 2 + > 0 and 71 > 1 ^ 2 , then there exists a constant Cq > 0 (depending on u, > X2 > 7 i j 

such that 


(45) 


'^ 71 , 




- s)^^s''^f{s^/^,m)ds\\(^y^p^^^k) < CG\\f{T,m)\\^y^id^^^k) 


for all /(r,m) G • 
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Proof The proof follows similar arguments to those in Proposition 1. Indeed, let /(r, m) G 
i3 k)- definition, we have 


Jo 

1 _|_ 

= sup (1 + |m|)^-j—j-exp(/3|m| — z/|r|^) 

rgS^LlSrij-rnSR TI 

X W'yiMt) {(1 + exp(-zy|s|)^^-ij^/(s^/'',m)} 

X J-'(r, s, m)ds\ 


where 


jr(^ s m) = _ - _ -/3|m| exp(;v|s|) i ii/fc/ fc _ g\X2gi'2 


Therefore, 

k 

(47) I|a 7 i,fc(r) f (r'^ - < C' 6 ||/(r,m)||(^,^,^,fc) 

Jo 

where 

1 + 


Co = sup 
re5^U5d 


■exp{-u\Tf) 


(1 + |)p)T l! ' 2^fthlT-/.Pft»<iA = supFW 


where 


17^ N 1 +®^ ^ A 1 

= Mk exp{-ux) 


^l/k ‘'-^(1+^)7! l + h^ 

We write F{x) = Fi{x) + F 2 {x), where 




Fiix) = 


1 + x^ 

rpYjk 


exp(—i/x) 


(1 + x)T'l 


exp(i//i) 1 Y 2 

—— —-T^hi^ ix - h)^^dh, 

-) 1 + 


■^2(a^) = ^t/fc exp(-i/x) 


1 


f 

J x/ 


(1 + x)T'l J^I2 1 + h? 




Now, we study the function Fi{x). We first assume that — 1 < X 2 < 0. In that case, we have 
that {x — < (x/ 2)^2 all 0 < /i < x/2 with x > 0. We deduce that 


(48) Fi(x) < 


I + x^ 


,x. 


A/k ^2 


X2g-ra 


1 


r ^/2 


^vh 


(1 + ^)^1 Jo 

< (1 + x^) 


l + /l 2 




2Vfc(i + z/2 + l) 2 


(^^)l+X2+l"2 


1 / 

- --— exp-, 

(1 +x)T'l ^ 2 ^ 


for all X > 0. Bearing in mind that 1 + X 2 + >0 and since 1 + x > 1 for all x > 0, we deduce 

that there exists a constant Ki > 0 with 


supFi(x) < Ki. 

x>0 


(49) 
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We assume now that X 2 > 0. In this situation, we know that (x —/i)^^ < 3 ^x 2 all 0 < h < x/2, 
with X > 0. Hence, 

1 .^^. 2+1 1 


(50) 


Fi{x) < (1 + X ) 


2Vfc(i +1/2 + 1) 


x^^(x/ 2 ) 


vx 

, , exp- 

(1 +x)T'l ^ 2 ’ 


for all X > 0. Again, we deduce that there exists a constant Ki i > 0 with 


(51) 


supFi(x) < ATi.i. 

x>0 


In the next step, we focus on the function F 2 {x). First, we observe that 1 + h? >1 + (x/2)^ for 
all x/2 < h < x. Therefore, there exists a constant K 2 > 0 such that 


(52) i^ 2 (x) < :^^ 7 ^ 7 |^ 3 ^exp(-i/x)^Y-^^^ J ^exp{iyh)hk+'^^{x - h) 


1 + (1)2x1+ 


- hV^dh 


< K 2 


II 1 

—777 -r—exp(—i/x) / exp(z//i)hfc’''^^(x —/i)^ 2 (i/i 

xi+(l + x)T'i ^ Vo 


for all X > 0. Now, from the estimates (|18h . we know that there exists a constant A’ 2.3 > 0 such 
that 

(53) + 2 . 1 ( 3 ;) = f exTp{i'h)hk~^’^‘^{x — h)'^^dh < K 2 . 3 Xk~^'^^e'^^ 

Jo 

for all X > 1. From (I52|) we get the existence of a constant F 2 > 0 with 


(54) 


sup +2(3;) < + 2 - 
re[0,i] 


On the other hand, we also have that 1 + x > x for all x > 1. Since 71 > 1/2 and due to 
with (l53l) . we get a constant +2 + 0 with 


(55) 


SUpF2(x) < +2 


X>1 


□ 


Gathering the estimates (1471) . (H^ . (1^ . (fMl) and (l55|) . we finally obtain (H5I1 . 

The next two propositions are already stated as Propositions 3 and 4 in [Si- 

Proposition 6 Let k>l be an integer. Let Qi{X),Q 2 {X), R{X) G C[A] such that 

(56) deg(i?) > deg(Qi) , deg(i?) > deg(Q 2 ) , R{im) / 0 

for all m G M. Assume that fi > max(deg((5i) + 1, deg((52) + !)• m i-)- b{m) be a continuous 
function on M such that 

' ^ - \R{im)\ 

for all m G M. Then, there exists a constant Cj > 0 (depending on Qi,Q 2 , R, such that 

k 

Qi(i(m — mi))/((s — x)^+, m — mi) 

-00 

X Q2{imi)g{x^^^,mi 


k 

(57) || 6 (m) r (T‘-a)i( 

30 


1 


(s — x)x 


< C 7 11 /(r, m) 11 \\ 9 {T,m)\\ 


for all f{T,m),g{T,m) G • 









20 


Proposition 7 Let k >1 he an integer. Let Q{X), R{X) E C[X] be polynomials such that 
(58) deg(i?) > deg((5) , R{im) / 0 

for all m E M. Assume that p, > deg((5) + 1. Let m i— )• h{m) he a continuous function such that 


\b{m)\ < 


1 

\R{im)\ 


for all m E M. Then, there exists a constant Cg > 0 (depending on Q,R, p,k,v) such that 


r 1 r~r°° f/e 

(59) \\b{m) (r^-s)^/ /(m - mi)(5(imi)5(s^/^, mi)(imi — 

Jo J — oo ^ 

<Cs\\f{m)\\ \\g{T,m)\\ 

for all f{m) E all g{T,m) E • 


3 Laplace transform, asymptotic expansions and Fourier trans¬ 
form 

We recall a definition of A:—Borel summability of formal series with coefficients in a Banach space 
which is a slightly modified version of the one given in [I], Section 3.2, that was introduced in 
M- All the properties stated in this section are already contained in our previous work [14| . 

Definition 4 Let k > 1 be an integer. Let mk{n) be the sequence defined by 

^ r+oo 

mkin) = r(—) = / tk~^e~^dt 

^ Jo 

for all n > 1. A formal series 


X(T) = Y.<‘ E rE[[T]] 

n=l 

with coefficients in a Banach space (E, ||.||e) is said to be mk—summable with respect to T in 
the direction d E [0, 27r) if 

i) there exists p E M+ such that the following formal series, called a formal mk—Borel 
transform of X 

OO 

S™.m(T) = 6 tE([t11, 

n.l 't' 

is absolutely convergent for |r| < p. 

ii) there exists <5 > 0 such that the series i3mj,(X)(r) can be analytically continued with 
respect to t in a sector 3^,5 = {r E C* : |d — arg(r)| < <5}. Moreover, there exist C > 0 and 
K > 0 such that 

||^^,(W)(r)||E<Ce^l"l'' 


for all T E Sd,5- 
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If this is so, the vector valued Laplace transform of Bm^{X){T) in the direction d is defined 
by 

J ^ 

along a half-line C Sd,s U {0}, where 7 depends on T and is chosen in such a way 

that cos(A:(7 — arg(T))) > > 0, for some fixed (5i. The function £^^(i3mj.(X))(T) is well 

defined, holomorphic and bounded in any sector 

= {T G e : |r| < , |d-arg(r)| < 0 / 2 }, 

where j < 9 < ^ + 26 and 0 < R < 6ijK. This function is called the mfc—sum of the formal 
series X{T) in the direction d. 

We now state some elementary properties concerning the snms of formal power series. 

1) The function Cf^^{BrTn.{X)){T) has the formal series X{T) as Gevrey asymptotic expansion 
of order 1/k with respect to t on This means that for all ^ < 9i < 6, there exist 

C,M >0 such that 

n—1 

(60) \\Ct^{B^,{X)){T) < CM^T{1 + ^)|rr 

p=i 

for all n > 2, all T G ^i/k. Moreover, from Watson’s lemma (see Proposition 11 p. 75 in 

1) , we get that {^mk {^)){T) is the unique holomorphic function that satisfies the estimates 

(iGOll on the sectors j^i/k with large aperture 9i > 

2) Let us assume that (E, ||.||e) also has the structure of a Banach algebra for a product *. Let 
Xi(T), X 2 {T) G TE[[r]] be m-fc—summable formal power series in direction d. Let (?i > 92 > 1 be 
integers. We assume that Xi{T) + X 2 {T), Xi{T)-kX 2 {T) and T'?icl|?Xi(T), which are elements 
of TE[[r]], are summable in direction d. Then, the following equalities 

(61) /:ijB™,(Xi))(r) + /:ljB™,(X 2 ))(r) = ci^{B^^{x, + X2)){T), 

£((,J^^,(Xi))(T) *£i^(i3,„,(X2))(T) = Ci^{Bm,{Xi*X2)){T) 

hold for all T £ j^i/k ■ These equalities are consequence of the unicity of the function having 
a given Gevrey expansion of order 1/k in large sectors as stated above in 1 ) and from the fact 
that the set of holomorphic functions having Gevrey asymptotic expansion of order 1/A: on a 
sector with values in the Banach algebra E form a differential algebra (meaning that this set is 
stable with respect to the sum and product of functions and derivation in the variable T) (see 
Theorems 18,19 and 20 in [^). 

In the next proposition, we give some identities for the Borel transform that will be 
useful in the sequel. 

Proposition 8 Let f{t) = di^) ~ formal series whose coefficients 

fn,gn belong to some Banach space (E, ||.||e)- We assume that (E, ||.||e) is a Banach algebra for 
some product *. Let k,m > 1 be integers. The following formal identities hold. 

Bmt,it^^^dtf{t)){T) = A;r^i3m,(/(t))(r) 


( 62 ) 
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(63) BraJf'Hmj) = ™ 

^ (t) jo ■® 

and 

k 

(64) B„.(/(*)*9(*))(t)=t‘^" S„^(/(«))((T''-,)V'=)*s„^(9(t),(,i/'.)_l_* 

In the following proposition, we recall some properties of the inverse Fourier transform 

Proposition 9 Let f G E(/3,n) with /? > 0, /x > 1. The inverse Fourier transform of f is defined 
by 

r+oo 

J f{m)e^p{ixm)dm 

for all X G M. The function F~^{f) extends to an analytic function on the strip 

(65) Hi3 = {z £C/\lm{z)\ < 13}. 

Let 4>{m) = imf{m) G E(^p^^_iy Then, we have 

(66) d,F-\f){z) = F-\ 4 >){z) 
for all z G Hp. 

Let g G -E'(/ 3 ,/i) and let 'ip{m) = f * gi'Ofi), the convolution product of f and g, for all m G M. 

From Proposition 4, we know that f) G -F(/ 3 ,/^) • Moreover, we have 

(67) F-\f){z)F-\g){z) = F-\f^){z) 
for all z G Ffjs. 


4 Formal and analytic solutions of convolution initial value prob¬ 
lems with complex parameters 

4.1 Formal solutions of the main convolution initial valne problem 

Let ki, k 2 > 1, D > 2 he integers such that k 2 > ki. Let (5; > 1 be integers such that 

( 68 ) 1 = , 5i < ( 5 /+ 1 , 

for all 1 < / < D — 1. For all 1 < / < D — 1, let 4^, A; > 0 be nonnegative integers such that 

(69) di> Si , Ai-di + Si-l>0. 

Let Q{X),Qi{X),Q 2 {X), Ri{X) G C[X], 0 < / < D, be polynomials such that 

(70) deg(Q) > deg(i?D) > deg{Ri) , deg^Ro) > deg(Qi) , deg(iiD) > deg(Q 2 ), 

Q{im) 0 , Ri{im)f^h , RD{im) 0 

for all m G M, all 0 < / < — 1. We consider sequences of functions m i-)- C'o,n(w., e), for all 

n > 0 and m Fn{m,e), for all n > 1, that belong to the Banach space E{i 3 ^^) for some /3 > 0 



23 


and jjL > max(deg((5i) + l,deg(Q 2 ) + 1) and which depend holomorphically on e G eo) for 
some eo > 0. We assume that there exist constants Kq,Tq > 0 such that 

(71) \\CoAm,mip,^.)<Ko{^T 

for all n > 1, for all e G L)(0,eo). We define C'o(T, m,e) = X)n>i ^o,n(ni, e)r" which is a 
convergent series on il(0,To/2) with values in and F{T,m,e) = Yln>i which 

is a formal series with coefficients in Let ci^ 2 (e), co(e), co,o(e) and cf{^) be bounded 

holomorphic functions on H(0, cq) which vanish at the origin e = 0. We consider the following 
initial value problem 

(72) Q{im){dTU{T,m,e))-T^^°-^'^^'^^+^^d^r,PRD{im)U{T,m,e) 

= W 2 [ - rni))U{T,m - mi,e)Q 2 iirni)U{T,mi,e)drni 

(ZTTj / J — oo 

D-l 

1=1 

cn(e) 

+ / Co{T,rn - rni,e)Ro{irni)U{T,mi,e)dmi 

+ /o°’°W 2 f Cofl{m - rni,e)Ro{irni)U{T,rni,e)dmi + e~^CF{e)F{T,rn,e) 

(27r)V^ J_^ 

for given initial data U ( 0 , m, e) = 0 . 


Proposition 10 There exists a unique formal series 

U{T,m,e) = YUn{m,e)T^ 

n>l 

solution of ([7lD with initial data f7(0,m,e) = 0, where the coefficients m i->- Un{m,e) belong to 
^iPw) /3 > 0 and fi > max(deg((5i) + 1 , deg(( 52 ) +1) given above and depend holomorphically 
on e in D{0, eo). 


Proof From Proposition 4 and the conditions stated above, we get that the coefficients Un{m, e) 
of U{T,m,€) are well defined, belong to E^^y^y^ for all e G H(0,eo), all n > 1 and satisfy the 
following recursion relation 

(73) {n + l)Un+i{m,e) 

= + - i^D - l){k2 + 1) -j)t7„+5o-fe-i)(fc2+i)("i>e) 




+ 


E 


Cl, 2 (e) 


/ +0O 

Qi(i(m - mi))Uni{m - mi,e)Q 2 {imi)Un 2 {rni,e)dmi 

-CO 


Qiim) ^ (27r)^/2 j 

^ ni+n2=7i,ni>l,n2>l ^ ^ 

^^Ai-di+Si-lyjSi-l + <5; _ dz _ j)^ Un+ 5 ,-di{m, e) 


D-l 


+ E 


Ri{im) 


,-i 


+ 


^ Qiim) 

E 


co(e) 


r*+oo 


Q{im) ^ (27r)V2 J 

^ ' ni+n2=n,ni>l,n2>l ^ 


CQ,ni (m - mi, e)Roiimi)Un 2 (mi, e)dmi 


+ 


(27r 


\i/ 2 nr \ f Coflim-mi,e)Roiimi)Unimi,e)dmi + Y 7 r^Enim,e) 

TT j / (cJy'lTTl) J—oo 
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for all n > max(maxi</<£)_i di, {6 d — 1)(^2 + !))• 

4.2 Analytic solutions for an auxiliary convolution problem resulting from a 
mfci—Borel transform applied to the main convolution initial value prob¬ 
lem 

We make the additional assumption that 

(74) di> {di-l){h + l) 

for all 1 < / < D — 1. Using the formula (8.7) from [5T| . p. 3630, we can expand the operators 
j^Si{ki+i)Q^ in the form 

where ^< 5 ;,^, p = 1,..., 5^ — 1 are real numbers, for all 1 < / < 77. We define integers djf.^ > 0 in 
order to satisfy 

(76) di ki 1 = 6i{ki + 1) + d\f^^ 

for all 1 </< 77 — 1. We also rewrite {5d — l)(fc 2 + 1) = {^D — l)(^i + 1) + {^D — 1)(^2 — ^i)- 
Multiplying the equation (f72]l by and using (fTSll . we can rewrite the equation (f72]l in 

the form 

(77) Q(7m)(r^i+idTU(r,m,e)) 

= 77bU(T, m, e) 

+ 7?B(im) E pT^^o-^){k2-ki)rpki{&o-p) ^rpkl+lQ^yjj^rp^ y 

1<P<5d-1 

p ^-ipki+i J - mi))U{T,m - mi,e)Q 2 iirni)U{T,mi,e)drni 

D-l 

i=i 

cnfei 

+ g-ij^fci+i / Co{T,rn - rni,e)Ro{irni)U{T,rni,e)drni 

(27r)v2 j_^ 

p g-iyfci+i f C'o,o("i - mi,e)77o(imi)t/(r,mi,e)dmi + e~^CFi€)T’^^~^^F{T,m,e) 

(27r)V^ J_^ 

We denote (r, m, e) the formal —Borel transform of U{T, m, e) with respect to T, (r, m, e) 

the formal m/cj—Borel transform of CQ{T,m,€) with respect to T and 'ilJk^{T,m,e) the formal 
mfcj—Borel transform of F{T,m,e) with respect to T. More precisely, 

uJk^{T,m,e) = YUn{m,e)—— , T’fci (r, m, e) = ^ C'o,n(m, e)^;— 

n>l n>l 

V’fci(r,m,e) = ^F„(m,e)—^ 

n>l 
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Using (I7TI) we get that for any k > ki, the function belongs to for all 

e E D(0, eo), any unbounded sector Ud centered at 0 with bisecting direction d E M, for some 
> 0. Indeed, we have that 


(78) 


1 IrP^i Irl"' 

< X] M-exp(-z/|r|'')-|-^) 

TGD{0,p)UUd I' I 


n> 1 


By using the classical estimates 


(79) 


supx”^i exp(-m 2 x) = 
x>o rn 2 


Tl 1 

for any real numbers mi > 0, m 2 > 0 and Stirling formula r(n/A:i) 

as n tends to + 00 , we get two constants Ai, ^42 > 0 depending on i',ki,K such that 


1 I |-,-| 2 fci I in p-i'x 

(80) snp + exp(-i.|Tr)^ = 5up(l + i"fa/-)x^i— 

TeD{0,p)UUd a:>0 -‘-Vfcil 

f.n—l.n-l n-l ,n—l 2 /Cl,n-l, 2 fei 2 fciA 

< -) —e"— + (-+ _L —+—e-1—+—1 T(n ki) 

\ UK UK UK 1 


< 7li(7l2)^ 


for all n > 1. Therefore, if the inequality ^42 < Tq holds, we get the estimates 


(81) 


Il7>fci('r,m, 


n>l 


^ 1 ^ 2 -K ~0 1 

r„ 1 -^ 


On the other hand, we make the assumption that pki{T,m,e) E for all e E 

D{0, eo), for some unbounded sector Ud with bisecting direction d E M, where u is chosen above. 
We will make the convention to denote the analytic continuation of the convergent power 
series pki on the domain Urf U 11(0, p). In particular, we get that pf_^{T,m,e) E F^^p for 

any k > ki. We also assume that there exists a constant Ctpki > ^ such that 

(82) 11 V’fci ("^i ^u) 11 (!/,/3,/i,fci,fci) — Cipk-i^ 
for all e E 71(0, eo). In particular, we notice that 

(83) 11 V’fci ("^^ ^A) 11 (i/,/3,/i,fcl,K;) — Ci/’fcp 

for any k > ki. We require that there exists a constant rQ^Ji^ > 0 such that 


(84) 


Q{im) 

Ri{im) 


^ '^Q,Ri 


for all m E M, all 1 < / < H. 
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Using the computation rules for the formal —Borel transform in Proposition 8, we deduce 

the following equation satisfied by m,e), 

(85) Q{im){kiT^^oJki{T,m,e)) 

1 (aj,-i)(fc2-fci) , . ^ ds 


ki 


+ Rniim) ^ Asj- 


r 


ki 


"n >P _ , (^D-l)(fc2-fci)+A:i(i5o -p) \ 
l<p<5u — l 1 fci ' 

X I — s) ''1 ^,m,e) — 


/o 


+ e 


-1 


r^l 


ni + -k)h 


nAl 

/ - s)VU 

JO 


Cl,2(e) 


s r+oo 


(27r)V2' 


Qi{i{m — mi))wfci (('S — , m — mi, e) 


0 J—oo 


xQ2(f"ii)wfci , mi 


D-l 


rfcl 


e)7-^dxdmi^ — 

[s — x)x ) s 

'Lfci 


+ ^i?i(im) - / (r^i-s)^ \fc/'s‘^'wfci(si/^Sm,e)) 


z=i 


r(%) ■'» 


ds 

s 


+ X] 

i<p<5i-i 


c^i—di+5i — l _ 


r-k\ 


r(% + <5i-p) 


f (r^i - s) fci ^ \/cfsPa;fci(s^/^i,m,e)) 

Jo 


ds 


fci /■r''! 

+ e-^ / . / (r'^i - 5)^/"=! 

ni + ^)Jo 

^ ^ (/?fci((s - x)^/''Sm - mi,e)ii’o(fmi)a;fci(x^/*'i,mi,e)-—^ 

(s — x)x / s 


(27r)^/2 

rki 



'0 J —oo 


+ e 


-1 


r(i + 


TT / (r^^ - /o°’°u/2 ( [ Cofi{rn-mi,€)Ro{imi)u}ki{s^^^\rni,€)drni) 

^) ^ (27r)V2 J_^ 


ds 

s 


rkl 


+ e cpie) 


ds 


r(i + io 


{t*‘ - rs‘'"“,m,e) — 


In the next proposition, we give sufficient conditions under which the equation (18511 has a solution 
w^^(r, m, e) in the Banach space k) '''^here P,fj, are defined above and for well chosen 

K > ki- 


Proposition 11 Under the assumption that 

1861 i = ^ ^ ^2 ^ di + {l- St) 

K ki k2 ’ k2-ki ~ di + {I - 5i){ki + 1 ) 

for all 1 < I < D — 1, there exist radii > 0, 1 < I < D, a constant w > 0 and constants 
Ci, 2 ,Co,o,Co,Ci,Ci,o,Cf,C 2 > 0 (depending on Qi,Q 2 , ki, fi,iy,€o, Ri, Ai,6i,di for I < I < D - 1) 
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such that if 
(87) 


sup < Ci^2 , 

ee-D( 0 ,eo) ^ 

sup 

eS-D(0,eo) 


|Co(e) 
sup I- 

ee-D(0,eo) ^ 


< Ci,o ) e)||(i^,/3,^,fci,K) < Cl) 


co,o(e)| 


< Co,o ) ||C'o,o("i) e)||(/3,/i) < Co) 

CF{e) 


sup 

eS-D(0,eo) 


— Cf ) 11 V’fci ('^) ^) ^) 11 (I'l/ljAtjfciiK;) — C 2 


for all e € i7(0,eo), the equation has a unique solution (jj^^{T,m,e) in the space 

where I3,p, > 0 are defined in Proposition 10 which verifies ||w^^(r, m, for all 

€ G -0(0,eo). 


Proof We start the proof with a lemma which provides appropriate conditions in order to apply 
a fixed point theorem. 

Lemma 3 One can choose the constants rq^R^ > 0, for 1 < I < D, a small enough constant 
w and constants Ci, 2 , Co, Co,o, Ci) Ci,o, Cf, C 2 > 0 (depending on Qi,Q 2 ,ki, p,,n,eo, Ri, Ai, 5i,di for 
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1 <l < D — 1) such that if |F7| j holds for all e E D{0, eo), the map defined by 

( 88 ) 

u. 

Rniim) 1 


Q{im) /c|r(^ 

+ 


fci 

RDiim) 


pr I 

/ - s) 

Jo 


(^n-i)(fc2-fci) , r j- , ds 

''i \m) — 


Y1 ^-51 

1<P<5d- 


Q(im) '^D<P (<?o—i)(fc 2 —fci)+fci(^p—p) ' 


fci 


(5„-l)(fe2-fel)+'=l(«D-P) 1 , ,, 


pr 

X / (r^i - s) 

Jo 

+ £-1__ / f7-^l_5')Vfcl 

(5(im)A:ir(l + io 

f Qi{i{m-mi))w{{s-x)^/’^^,m-mi) 

V(27r)v^ Jq 

5 ^ 1)7 - :—dxdmi ) 

[s — xjx ) 


ds 

s 


D-l 


+ E 


Ri{im) 


r'=l 


c^i—di+6i — l_ 


- Q{im) y k^n^) 


Z,/ci 1 c- c- / 

— s) {ki^'-s^'-w{s^/^^ ,m)) — 

s 


+ X] ^<5^ 

l<P<<5i-l 






+ e 


-1 


co(e) 


Q{im)kiT{l + Jq 


J — s) '=1 ^ m)) — 

/ (t*- - 

[Tj JO 


X 


(27r)V2' 


+e 


-1 


co,o(e) 


S /■+ 0 O \ (is 

(/3fc, ((s — x)^‘^^^,m — mi, e)Ro(imi)w(x^'^^^, mi)- - —dxdmi ) — 

0 J-00 {s-x)x ) s 

rRl 


Q{im)kiT{l + Jq 


1 r +00 j 

(27r)V2 s 


+ e 


-1 


CF(e) 


Q(zm)A:ir(l + E) _/q 


jrJ JO 


ds 

s 


satisfies the next properties. 

i) The following inclusion holds 

(89) 'H’^P{B{0,xu)) C B{0,w) 

where -6(0, w) is the closed ball of radius w > 0 centered at 0 in ^ for all e E 6(0, eo). 

ii) We have 

(90) ll^^(^l) - i'W2)\\{^,0,ii,ki,K) < 2ll'“^l - W2\\(u,P,ii,ki,K) 

for all wi,W 2 E -6(0, zu), for all e E 6(0, eo). 

Proof We first check the property ((89|) . Let e E 6(0,eo) and w{T,m) be in We 

take Ci, 2 ,Co,Co,o,Ci,Ci,o,C 2 ,CF,t^ > 0 such that if dSID holds and |k(T,< w for 
all e E 6(0, eo). 
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Since k> ki and (I70]l hold, using Proposition 2, we get that 

pi 


(91) lie 


-1 


Cl,2(e) 


Q{im)kiT{l + ^) Jo 

1 


r (,^"1 _ 

TT) Jo 


s /*+oo 



Qi(i(m — mi))'u;((s — , m — mi) 


0 J —oo 


(27r)i/2 

xQ 2 {imi)w{x^^^\mi) ^ dxdmij — ||(,.,/3,/i,fci,p 

(5 X j X J S 


< 


_ C'3Cl,2 _ II , ,^||2 ^ C'3Cl,2^^ 

(27r)V2/t^r(l + ^ “ (27r)V2/^^r(l + ^) 


Due to the lower bound assumption (|84ll and taking into account the definition of k in 
we get from Lemma 1 and Proposition 1 


(92) 


Roiim) 


1 


Q{im) ^ 


< 


/ ( 

Jo 

C2ki^ 


(SD-l)(k2-ki) c c , ,, ds 




|u;(r, m) 




< 


C2kl 


,<5d 




w 


and that 


(93) 


1 


Q{im) 


(^P —l)(fc2—fcl)+fcl(<iD —p) \ 

fcl ) 

(i5d-1)()'2-)'i)+*i('5d-p) 1 

u -1 J 


^ l^p,p|C2fe? 




|u;(r, m) 




< 


\ASn,p\C2k{ 




ZI7 


for all 1 < p < (5 d — 1- 

From assumption (170^ and due to the second constraint in (|86p . we get from Lemma 1 and 
Proposition 1 


(94) 


/;|r( ’*"1 ) "lo ® 


< le 


^i—dl+5i — l 


C2k{ 


tqa kiT{^) 


ji -lk(T,m)||(^^^_^_fc^_^) < |e 


^l—di+&i — l 


C2rj 


^Q,Ri 


kiTi- 


. d} 


-w 


l,ki 

fcl 
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for all 1 < / < D — 1 and 


(95) 


Q{im) 


.d} 


k^T{^+5i-p) 


L < 


— s) 


-^+(5(-p-lTi ^ / 1/r, ssds 


< e 


^l—'ii+5i — l_ 


1 




(/cf sPu;(s^/^i, "i)) — 11 iu,f},^,,ku^) 
C2kl 


^ rfi 


fn) 11 ,k) 


< e 


A;—rf;+(5; —1 _ 


1 


■ I ^<5i >? 






tZ7 


for all 1 < p < (5/ — 1. Since k > ki and dZQ]) we get from Proposition 2 that 

r*^l / 1 /■+00 


(96) ||e 


-1 


co(e) 


Q(zm)A:ir(l + ^ 


r (T*> - ( 

wj Jo V 


1 


(27r)V2' 




{{s — ,m — mi,e) 


X ■Ro(^^i)w(x^/^\mi) dxdmi ) — ||(i.,/3,M,fciA) 

(5 X j X J S 


0 J —oo 

ds , 


< 


(27r)V2A:,r(l + ^) 

Since k > ki and (I70l) we deduce from Proposition 3 that 


(27r)V2fcir(l + 


(97) lie 


-1 


co,o(e) 


Q{im)kiT{l + ^) Jo 


1 p-\-00 

TT / ( / C'o,o(m-mi,e) 

^) Jo ( 27 r)V 2 


X Ro{imi)w{s^''^\mi)dmi)'^\\^^^0^f,^ku^) < (27r)i/2^^^r(l + J_) 


CaCoa 


X ||u;(r,m)||(^,^,^,fc^,^) < (27r)i/2fc^r(l + 


and finally bearing in mind Proposition 1 we get that 
^-1 CF(e) 


(98) 


^ sup 1 J |V^fci(-r,m,e)||(^^^,^,fciA) ^ sup 


C 2 CF 


msR \Q{im)\ A;ir(l + 


msK \Q{iPn)\ A:ir(l + i) 


rT^2. 
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Now, we choose rQ^Jl^ > 0, ioi 1 < I < D, Co, 0 ) Co; Cf, Ci, 0 ) Cij C 2 > 0 and w > 0 such that 


(99) 


C'3Cl,2ro^ 


+ 


C2kl 




, ^ _ \^SD,p\C2ki _ 

l^p^So — 1 1 \ ) 


w 


D -1 


W 


+ E 

1=1 


l-di+Si-l 1 <^2^1^ 


-w 


+ E 


^0 


1 


■|A 


C2kf 


zu + 


rQ,Ri kiTi^) 

CsCi.o * 

ttCi^ 




+ (2>r)V2t.r(i + i) 


OOP I 

- — 

fci 

_ C'4Co,0 _. 1 C 2 CF ^ ^ 

( 27 r)V 2 fe,r(i + s |g(im)| fcir(i + 


Gathering all the norm estimates dM]), ([92]), (IMj) . (IMll . (IMj) . (fWll . (IM]) together with the 
constraint dMj), one gets 


Now, we check the second property dHOj). Let wi{T,m),W 2 {T,m) be in We take 

w > 0 such that 

for Z = 1, 2, for all e G D{0, eo). One can write 

(100) Qi{i{m — mi))wi{{s — ,m — mi)Q 2 {i'mi)wi{x^^^^ ,mi) 

— gi(i(m — mi))w2{{s — — mi)Q2{imi)w2{x^^^^ ,mi) 

= gi(i(m — mi)) ^t(;i((s — — mi) — 'W 2 {{s — ,m — mi)^ g 2 (*?Tii)u;i(x^/^^, mi) 

+ Qi(i(m — mi))rc2((s — — mi)g2(*?Tii) ^tci(x^/^^,mi) — W2{x^''^^ ,rni)^ 

and taking into account that k> ki, ([70|1 . (11001) and using Proposition 2, we get that 


(101) lie 


-1 


Cl, 2 (e) 


Q{im)kir{l + ^) Jo 

1 


; (^<=, _ ,)i/h 

iT Jo 


s /•+00 


(27r)V2' 


{Qi{i{m — mi))wi{{s — — mi) 


0 J—00 


< 


X g2(*iiii)ici(x^'^^^,mi) — gi(i(m — mi))u;2(('S — x)^/^\m — mi) 

XQ 2 
03^,2 


xg 2 (*"ii)iC 2 (x^/^i,mi))-— ^-—dxdmi] 

[s — x)x J s ^ ’ 


(27r)V2A;^r(l + “ 'fC2(r,m)||(^^p^^^fc^^^)(||u;i(r,m)||(^_p^^^fc^_^) 

+ ||u>2(r,m)||(^_p^^^fcj^,,)) < , iJ I^^i(e»t-) - ?C2(r,m)| 

(27r)V^A:ir(l + 


On the other hand, from the estimates ([M]) . ([93]) . (fM|) . ([%]) . (f96]l . (fWl) and under the constraints 
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(I70]l . (l86t) and the lower bound assumption (l8^ . we deduce that 


( 102 ) 


Rniim) 


j-ki 


Q{irn) Jo 


, (^D-l)('=2-'=l) 1 r 

(^fcl _s) fci 


ds, 


6*2 

V /ci / 


and that 

(103) 


Q{im) kiT{ i^D~^)i^2—ki)+ki{5o —p) ^ 

/ (r‘‘ - s) 

Jo 


(So-l)(k2-H)+kiiSo-p) 

'^I -'^ 2 ( 5 ^ ^m)) —| 


^ |^(5^,p|l^2A^l 11 / ^ z' Ml 


for all 1 < p < — 1 and also 

(104) ||§^^eA(-d,+5(-i_ 


Qiim) 


,d} 


hn^) -^0 


I < 


T^l — s) '“I 




-1 




< e 


A, di+Si -^2^1— \\u,^(^r,m)-W 2 {T,rn)\\(^^i:j^f,^ki,K) 

rQ,R^ fcir(-^) 


for all 1 < / < 11 — 1 together with 


(105) 


Q{im) 


k,T{^J^ + 6i-p) 


i < 


— s) 


Oki , c , 


ds, 


(/cfsP(n;i(s^/''Sm) - u;2(s^/^i,m))) — 


< e 


Ai—di+5i — l_ 


1 


■|^< 5 i ,r 


CI 2 A 1 P 


'’%^r(% + dz-p) 


||n;i(r,m) - u;2(r,m)| 


for all 1 < p < (5; — 1. Finally, we also obtain 
(106) 


-1 


co(e) 


/*r^l / 1 Z*'^ /*+co 

TT / (r^^ -s)^/^i ( s / / <y 9 fci((s-x)^/^Sm-mi,e) 

^) do V( 27 r)F^ do d-00 


(5(im)A:ir(l + ^ 

X i?o(imi)(t(;i(x^/^^,mi) — t(;2(x^/^^,mi)) 


7-r—dxdmi^ —I 

(s — x)x / s 


(l3,/3,lt,fcl,K) 


< 


C’sCi, 


(27r)V2fcir(l + f) ^^’ 
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and 

(107) 


co,o(e) 


pT ^ 1 r+co 

M- (r^i -g)Vfci ( / Co,o(m-mi,e) 

(5(zm)A:ir(l + Jo (27r)v^ 

X < /n u/2?rn ^ 

S [ZTTj ! Kll (i + T-j 


X \\wi{T,m) - W2{T,m)\\(^^^^^^,^ki,K) 

Now, we take w, vq^r^ > 0, for 1 < / < Z) and Ci,2) Co,0) Coj Ci,0) Ci > 0 such that 


(108) 


C'3Ci,22tJ7 


+ 


Cok 


2«'i 


(2vr)V2feir(l + ^) 


+ 


— 

i<p<5d-i ’’<9.JiD^ir( 


{&D-l)(k2-ki)+k\(5B-p ) ' 


+ 


E 


^i—di+Si — l 
^0 


l<P<5i-l 






■+ E - 

1<Z<D-1 

C2kl 


"0 


C 2 K 


Si 


+ 


rQ,Ri k^T{^ 
C'3Cl,0 * 


kiT{^ +6i-p) + ^) 

C'4Co,0 


+ 


(27r)V2A:,r(l + ^) 


rrCo < 1 / 2 . 


Bearing in mind the estimates (llOip . p02p . (|103p . (I104p . (I105p . (jlOOp . (|107l] with the constraint 
(|108P . one gets dHO]). Finally, we choose rQ^R^ > 0, for 1 < / < Z), Ci,2, Co,o, Co, Cf, Ci,o, Ci, C2 > 0 
and ro > 0 such that both (f99]l . (11081) are fulfilled. This yields our lemma. □ 

We consider the ball 5(0, w) C ^ constructed in Lemma 3 which is a complete metric 
space for the norm 11-11(1/,From the lemma above, we get that TJjj^ is a contractive map 
from 5(0, ro) into itself. Due to the classical contractive mapping theorem, we deduce that the 
map 5^1 has a unique fixed point denoted by a;^^(r, m,e) (i.e 5^1 (w^^ (r, m, e)) = a;^^(r, m, e)) 
in 5(0, ru), for all e € 5(0, cq). Moreover, the function a;^^(r, m, e) depends holomorphically on 
e in 5(0, eo). By construction, a;^^(r, m,e) defines a solution of the equation (l85]l . This yields 
Proposition 11. □ 


4.3 Formal and analytic acceleration operators 

In this section, we give a definition of the formal and analytic acceleration operator which is 
a slightly modified version of the one given in [1], Chapter 5, adapted to our definitions of 
m/j—Laplace and Borel transforms. First we give a definition for the formal transform. 

Definition 5 Let k > k > 0 be real numbers. Let /(r) = X)n>i fnT^ £ be a formal 

series. We define the formal acceleration operator with indices by 

Fl-1 

n>l 

Notice that if one defines the formal mk—Laplace transform Cmkif) ^ke formal m^—Borel 
transform Bm^ (/) of f{T) by 

C^M){T) = Y,m^)T- , 5^_(/)(Z) = 

n>l n>l ^ 
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then the formal acceleration operator can also he defined as 

In the next definition, we define the analytic transforms. 


Proposition 12 Let k > k > 0 be real numbers. Let S{d, j + 6,p) be a bounded sector of radius 
p with aperture j + for some d > 0 and with direction d. Let F : S'(d, | + d, p) —C be a 

bounded analytic function such that there exist a formal series F{z) = X]n>i £ C[[z]] and 
two constants C,K > 0 with 

N-l 

(109) \F{z) - Y, PnZ^\ < CK^T{1 + N/k)\zf 

n=l 


for all z G 5(d, | + 5, p), all N > 2. The analytic mj^—Borel transform of F in direction d is 
defined as 


( 110 ) 


{BLf){Z) 



z'k 

——du 

yk + l 


where 7 ^ is the closed Hankel path starting from the origin along the segment [0, {pf2)e 
following the arc of circle [{p/2)e^^‘^^^^^\ {p/2)e 
the segment 0 ] 


i{d+- 


i + T)l 


iid ——■ 
o ^ 2k 


— ■) 

2 and going back to the origin along 

where 0 < <5' < d that can be chosen as close to 6 as needed. 
Then, the function {B'f,,F){Z) is analytic on the unbounded sector S{d,5'') with direction d 
and aperture 6" where 0 < 5" < 5' which can he chosen as close to 5' as needed. Moreover, if 
(^rrifc F){Z) = i^n-2^"'/r(n/A:) denotes the formal mj^—Borel transform of F, then for any 

given p' > 0, there exists two constants C,K > 0 with 


N-l 

(111) \{BiY)iZ) - Y ^ CK^T{1 + N/k)\Z\^ 

n=l 


for all Z G S{d,6'') H 11(0, p'), all N >2, where k is defined as 1 /k = l/k — 1/k. Finally, the 
m^—Borel operator is the right inverse operator of the mj^—Laplace transform, namely we 
have that 


(112) Ct^iv ^ iBt^F)iv))iT) = F{T), 

for allT e S{d,l+6',p/2). 


Proof The proof follows the same lines of arguments as Theorem 2, Section 2.3 in [T]. Namely, 
one can check that if F(z) = z^, for an integer n > 0, then 

(113) BtF{Z) = Z^/T{n/k) 


for all Z G S{d, 6") by using the change of variable u = zjw^!^ in the integral (IllOp and a path 
deformation, bearing in mind the Hankel formula 



1 

2m 
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where 7 is the path of integration from infinity along the the ray arg(w) = —vr to the unit disc, 
then around the circle and back to infinity along the ray aTg(w) = vr. From the asymptotic 
expansion (110911 and using the same integrals estimates as in Theorem 2 , Section 2.3 in [T], 
together with the Stirling formula, for any given p' > 0, we get two constants C,K > 0 such 
that 

7V-1 

- E f7%2”i = 

n=l 

where Rn-iF{u) = F{u) - 
(uni) follows. 

In the last part of the proof, we show the identity dm. We follow the same lines of 
arguments as Theorem 3 in Section 2.4 from [T]. Using Fubini’s theorem, we can write 


\B'i.{RN-iF){Z)\ < Ck^ ^ ^ 'R \Zf 

' u - r(l + iV/A;)' ' 


for all N >2, for all Z G S{d, 5”) n D{0, p'). Therefore 


(114) Ct^iv ^ {BtF)iv)){T) = k 


’Ld 


[ F{u)e^k> 

2^7r 


V \k V 


k r F{u) 
'y-k 


ik+l 


\ _ (j^\k dv 

-du \ e ^T> — 


2i7r 


T 




exp(u^(i- ^))kv^ ^dv ) du 

y^k J'k 


Therefore, by direct integration, we deduce that 


(115) 


£1,(0 ^ {BtF)(vMT) ^±1 

'^k 


k f F{u) 


u 


-du. 


Now, the function u eG ^ has in the interior of 7 ^ exactly one singularity at tt = T 

(since T is assumed to belong to S{d, I + 5', p/2)), this being a pole of order one, with residue 
—F{T)/k. The residue theorem completes the proof of (I112p . □ 


Proposition 13 Let S{d,a) be an unbounded sector with direction d G M and aperture a. Let 
k > k > 0 be given real numbers and let n > 0 be the real number defined by 1 /k = 1/k — l/k. 
Let f : S{d,a) U 11(0, r) C be an analytic function with /(O) = 0 and such that there exist 
C,M >0 with 


\f{h)\ < 


for all h G S{d, a) U 11(0, r). 

For all 0 < 6' < tt/k (which can he chosen close to tt/k), we define the kernel function 


G{C,h) = 


kk F 

—r 

2m 



exp{-(r)‘ + (^)‘: 


u 


u 


du 

yk+l 


where is the path starting from 0 along the halfline M+e ^ '^ 2 ^ 2 ' and back to the origin 

along the halfline M+e ^ 2 fe 27 j’/jg function G(^, h) is well defined and satisfies the following 
estimates : there exist ci,C 2 >0 such that 


(116) |G(^,/i)| < ciexp(-C2(|^)'') 

for all h E Ld = and all ^ S{d, 5") for 0 < <5" < 5' (that can be chosen close to 6'). 
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Then, for any 0 < p < , the function 

= /(A)0({,/i)^=9({) 

defines an analytic function on the bounded sector Sd,K,&,p "with aperture ^ + <5, for any 0 < <5 < a, 
in direction d and radius p and which satisfies that there exist C,K > 0 with 

(117) i9(o - 2 fn^^rmei < cK’^ni + Ar/^)ifr 

for all ^ € Sd,K.,5,p, > 2 , where g{f^) = X]n>i formal acceleration 

■Amj,,mkf {€} where f{h) = Yln>i fnh^ 'Is the (convergent) Taylor expansion at h = 0 of f on 

-0(0,r). 

In other words, g{f) is the n—sum of g{f) on Sd,K,5,p the sense of the definition from 
Section 3.2. 


Proof We first show the estimates (HIS]). We follow the idea of proof of Lemma 1, Section 5.1 
in pp. We make the change of variable tt = /in in the integral G(^, h) and we deform the path 
of integration in order to get the expression 


^ 2i7r^/i^ u>^+i 

where 7 ^ is the closed Hankel path defined in Proposition 12 with the direction d = 0. Hence, we 
recognize that G(^,/i) can be written as an analytic Borel transform G{f,h) = k{B^,ek){(,/h) 

k 

where efc(n) = . From Exercise 1 in Section 2.2 from [T], we know that efc(n) has 0 as 

formal power series expansion of Gevrey order k on any sector Sq 21+5 with direction 0 for any 

’ k 

0 < 6 < tt/K. From Proposition 12, we deduce that {B)^.ek){Z) has 0 as formal series expansion 
of Gevrey order k on any unbounded sector Sq^s" where 0 < 6" < 5' < 6 < n /k (where 6" can 
be chosen close to tt/k. Finally, using Exercice 3 in Section 2.2 from [T], we get two constants 
Cl, C 2 >0 such that 

l(8li«)(Z)l < cie-«l=ir- 

for all Z G Sq^s"- The estimates (|116h follow. 

In order to show the asymptotic expansion with bound estimates (|117p . we first check that 
if f{h) = /i”, for an integer n > 0 , then 

(118) 

T{n/k) 

on Sd,K,5,p- Indeed using Eubini’s theorem, we can write 


Ad 




'K 


d,k,S' 


k / h^e 


h-\k dh\ 




From the definition of the Gamma function we know that 


kj^ = £lj/!")W = r(|)„", 


y^k + l 
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and bearing in mind (11131) . after a path deformation, we recognize that 

(«”)({) = 

^ fc fe T{n/k) 

Since the Taylor expansion of / at /i = 0 is convergent, there exist two constants Cf,Kf > 0 
such that 

N-l 

(119) \f{h)-J2fnh^\<CfKf\h\^ 

n=l 

for all h € D{0,r), all N >2. Taking the expansion (I119p and the exponential growth estimates 
(|116p . using the same integrals estimates as in Exercice 3 in Section 2.1 of [T], we get two 
constants C, K > 0 such that 

A^—1 p/'IIi'j 

- E < CK^T{1 + iv/^)|er 

n=l ^ k ^ 

where RN-if{h) = f{h) - Yln=i for all IV > 2, all ^ G Sd,K,s,p- ° 

4.4 Analytic solutions for an auxiliary convolution problem resulting from a 
mfcj—Borel transform applied to the main convolution initial value prob¬ 
lem 

We keep the notations of Sections 4.1 and 4.2. For the integers di,5i, for 1 < / < 74 — 1 that 
satisfy the constraints (ESI), (El and dZl, we make the additional assumption that there exist 
integers >0 such that 

(120) d; + ^2 + 1 = di{k2 + 1) + 

for all 1 < Z < 74 — 1. In order the ensure the positivity of the integers d^^^, we impose the 
following assumption on the integers djj^^, 

( 121 ) >(5^_l)(fe2-A:i), 

for all 1 < Z < 74 — 1 . Indeed, by Definition of djf^^ in (1761) . the constraint ( 11201 ) rewrites 
dfk^ = dj+ k 2 — ki — 6 i{k 2 — ki). Using the formula (8.7) from [3T], p. 3630, we can expand 
the operators in the form 

(122) THk2+i)QSi ^ {Tk2+iQ^Y^ ^ 

where p = 1,..., <5/ — 1 are real numbers, for all 1 < Z < D. 

Multiplying the equation (|72l) by and using ()122l) . we can rewrite the equation (1721) 
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in the form 

(123) Q{im){T^^+^dTU{T,m,e)) - RD{im){T^^^^dTf^U{T,m,e) 

= RD{im) Y. 

^-Ij’k2+1 [ Qi{i{m-mi))U{T,m-mi,e)Q2{imi)U{T,mi,e)dmi 

(zvrj / J—oo 

D-l 

i=i 

+ rT^\U2 f Co{T,m- mi,e)Ro{imi)U{T,mi,e)dmi 

(27r)V^ J_^ 

_^_ ^-1 jnfc 2 +i f ^o,o("i - mi, e)Ro{imi)U{T,mi, e)dmi + e~^CF{€)T^'^~^^F{T,m,e) 

(27r)V^ J_^ 

We denote (t, m, e) the formal —Borel transform of U (T, m, e) with respect to T, (fk2 ('t, m, e) 

the formal Borel transform of C'o(T, m,e) with respect to T and V’A: 2 ^) the formal 
mfcj—Borel transform of F{T,m,e) with respect to T, 

(124) Wfc2(r,m,e) = 2_,t^n(m,e)—^ , ipkYT-,m,€) = YCo,nim,e)Y^ 

n>l n>l ^^ 2 ^ 

Yk2{T,m,e) = Y Pn{m, e) —^ 

n>l 


Using the computation rules for the formal Borel transform in Proposition 8, we deduce 
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the following equation satisfied by a>fc 2 ('r, m, e), 

(125) Q(im)(A: 2 'r^^Wfc 2 (r,m, e)) - RD{im)Lbk 2 {T,m,e) 


^k 2 /■'r'‘2 j 

Rniim) ^ - 1 / m, e)) — 


1<P<5d-1 


Cl, 2 (e) 


(27r)^/^ 


^/C 2 rr ^ 

(5i(z(m - mi))uJk2i{s - - mi,e) 



0 J —oo 


-dxdmi ) 


ds 


D-l 


+ ^ Ri{im) e 


1=1 


xQ2{imi)ujk2{x^^^'^^rni^e)- - , 

[s — x)x J s 

-k 2 /■r '=2 dfi^^ 1 ^ ^ , rfs 

/ (r^2 _ g) fe2 (fc2'^'s'^'wfc2(s^/''^m, e)) — 

JO ■s 




+ X] 

l<P<< 5 i-l 




r( 

rk 2 


d? 1 . 
fc 2 


r '=2 


I r 1 , / 7 c 

(^^2 _ g)^+^^-P-l(fc2PsPc5fc2(s^/''^m,e)) — 


r(% + *-p)-^ 

rk 2 


ds 

s 


+ e 


-1 


rii + E)* 


pt '^2 

- / (t‘" - 

jo 


co(e) 

(271)1/2 ■ 
/C 2 


5 /*+OD 


+ e- 


Pk2i{s - - nil, e)Ro{imi)i:vk2ix^^^^, mi, e)- — ^-^dxdmi] — 

[s — x)x J s 

^k 2 rT'^2 rnn(f) r+OO 

^FTTTTTT / \;^i ( / C'o,o(en-mi,e)i?o(/mi)wfc2(s^/^",mi,e)dmi) 

r(l + ^) Jo (271)1/2 _y_^ 


/O J —OD 
^^2 


ds 

s 


r^2 ^ . 

+ e~^CF(e) , 1 . - sf''"^iik2{ 

f (1 + fc^) Jo 


(s^/^^, m, e) — 
s 


We recall from [2] that tpk 2 {T,m,e) G ^(yp^k 2 ) ^°i^ ^ ^ -^(Ojeo); any unbounded sector Sd 

and any bounded sector Sj^ centered at 0 with bisecting direction d G M, for some > 0. Indeed, 
we have that 


(126) \\pk 2 ix,m,e)\\^, 2 ,i 3 ,t^,k 2 ) ^ '^\\Co,n{m,e)\\^i 3 ^f,)i sup 

reS^USd 


n>l 


1 + |t|"' 

-exp(-zj|r|'' 2 ) 

n IVfcal 


By using the classical estimates (1791) and Stirling formula r(n/A; 2 ) ~ (27r)i/^(n/A:2) 2 g-n/fe 2 
as n tends to +oo, we get two constants Ai, ^42 > 0 depending on v, k 2 such that 


(127) sup 


1 + It 


2^2 


■ exp(-i/|r|*^2) ^ gup(i + 3 . 2 )^ fc2 

esSuSd |i^l ^^k2> *>o '^^2'* 

( 77 — 1 n—1 n —1 77 — "I v n — 1 1 o /n—1 ■ o^ 

(^—)^e"^ + (^— + -)^+2^-(^+2) J /r(^/fc2) < 7li(7l2)^ 

Z//C 2 l^/C 2 
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for all n > 1, all e E -0(0, eq). Therefore, if A 2 < Tq holds, we get the estimates 


(128) 


X] 11*^0,n(m, e)||(^_^)(A2)’" < 

n>l 


A1A2KQ 1 

r„ 1 -^’ 


for all e € -D(0, eo). 

From Section 4.2, we recall that ip'^^{T,m,e) E k^y for all e E -D(0,eo), for some 

unbounded sector Ud with bisecting direction d E M, where v is chosen in that section. 

Lemma 4 The function 

i’k 2 i^,mA) ■= = f ifi^{h,m,e)G{T,h)^ 

= 1 JLa ^ 

is analytic on an unbounded seetor Sd^K ,5 with aperture ^ + 6 in direction d, for any 0 < <5 < 
ap([/rf) where apiUd) denotes the aperture of the sector Ud, and has estimates of the form : there 
exist constants > 0 and U > 0 such that 

(129) K{T,m,t)| < Cfc^(l -1 |m|)-<‘e-HH_Jr!_exp(„'|T|fa) 

for all T E Sd,K, 5 , 0,11 m E M, a// e E .0(0 ,cq). In particular, we get that i->- 

'ijjf,^{h,m,e)){T) E unbounded sector Sd and bounded sector with aperture 

^ + <5, with 6 as above, and we carry a constant > 0 with 

(130) IIV'fc2('r,r7T.,e)ll(^/,^,^,fc2) < 
for all e E D{0, cq). 

Proof Bearing in mind the inclusion (18811 we already know from Proposition 13 that the function 
r I—(r, m, e) defines a holomorphic and bounded function (with bound independent of 
e E -D(0, eo)) on a sector *5'^ 5 (c 2 /i 9 )i /'=/2 direction d, aperture ^ + <5 and radius (c 2 /z^)^/'^/ 2 , 
for some <5 > 0 and the constant C 2 introduced in (IllOp . for all m E M, all e E .0(0, cq). 

From the assumption that the function 'ij)'^^{T,m,e) belongs to the space see 

()82p . we know that the Laplace transform 

f^t,{h,m,€)){u) = ki j V'^^(h,m,e)exp(-(-)*’i)y 

defines a holomorphic and bounded function (by a constant that does not depend on e E -D(0, eo)) 
on a sector Sdp^a' in direction d, with radius a' and aperture 6 which satisfies ^ f < ^ < 
^ ^ + ap([/d), where ap([/rf) is the aperture of Ud, for some a' > 0. 

Hence, by using a path deformation and the Fubini theorem, we can rewrite the function 
m, e) in the form 

(131) V't(T"iT) =-^ / ^ V'fci(/i,")',e))(u)e(-)''"-^dM 

•^^d,k2,S' ,cr’/2 

= ^ '4^ki{h,m,e)){u)){T) 
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where V^,fc 2 ,< 5 ',o -72 is the closed Hankel path starting from the origin along the segment 


[0, (a 72 )e 




following the arc of circle [(iTy2)e 

long the se 
+ ap(f7rf). 




{a'l2)e 


and going back to the origin 


iid— —2—— i-) 

along the segment [{a'/2)e ^ ^'=2 ,0], where 0 < <5' < ^ + ap{Ud) that can be chosen close to 


Therefore, from Proposition 12, we know that r defines a holomorphic func¬ 

tion on the unbounded sector S{d, 6") where 0 < <5" < 6 ', which can be chosen close to 6 ', for all 
m E M, all e E 11(0, eo)- Now, we turn to the estimates (11291) . From the representation (11311) . 
we get the following estimates : there exist constants Ei,E 2 ,E^ > 0 such that 


(132) |V’l(Tm,e)| < 


(1 -|- \m\Y 


gS2|rr2|^|fc2 ^ e-E3(7)''2 


\zi\kn It 


k 2 


n/C2“t“l 


ds 


< 


(1 -I- \m\)k- 


|T-|fc2 1 

-^3^2 


for all r E S{d,5''), all m E M, all e E D(0,eo). Besides, from the asymptotic expansion pil|) . 
we get in particular the existence of a constant Eq > 0 such that 


(133) 


1 7^2 I < 


(1 + \m\)k- 


for all r E S{d, 5") (H 11(0, p') and some p' > 0. Finally, combining the estimates (11321) and (|133l) 
yields (|129l) . □ 
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We consider now the following problem 

(134) ( 5 (im)(/c 2 T^^Wfc 2 (r,m, e)) - (r, m, e) 


Rniim) ^ 


rk 2 


1<P<5d-1 


Cl, 2(e) 


r(5D-p) 7o 


/*r ^2 

/ (pfc 2 _ 

Jo 


ds 

s 


+ € 


-1 


rfc 2 


r '=2 


m + i. 




S /* + OD 


(27r)^/2 



(5i(i(m — mi))wfc 2 (('S — — mi, e) 


0 J —00 


D-l 


xQ2{imi)uJk2{x^^^'^ ,mi, 


tlW / T-^2 f'r''2 


drrcimi^ 


ds 


(s — x)x ) s 


1=1 


\ Jo 


k 2 




.A(—(i;+<5; —1 _ 


r *:2 


1<P<5(-1 


, Co(€) 

X --TT^S 


r(% + *-p) 




{r^^-sY 


ds 

{kY'sPuJk2 , "i, e)) — 


+ e 


-1 


rfc 2 


r(i + i) Vo 


„t ''2 

/ _ ,)i/te 

:r:j ^0 


5 /• + OD 


(27r)^/^ 

./C 2 


/O J —00 

r ^2 


(/?fc2((s - xY/^^,m- ml,e)i^o(^ml)a;fc2(a;^^^^ml, 


6)7 - :—dxdm] \ — 

(s — x)x / s 


+ e 


-1 


r(i + i; 


/0°’°W2 ( / C'o,o(m-ml,e)i?o(^ml)a;fc2(s^/^^ml,e)dml) — 
(27r)V^ s 


+ e-^ci.( 6 ) r 

^0 + 1^) Jo 


ds 

s 


for vanishing initial data U)k 2 (0) c) = 0, where Yk 2 been constructed in Lemma 4. 

We make the additional assumption that there exists an unbounded sector 

Sq,Rd = {^ e C/|z| > rq^R^ , |arg( 2 ;) - dq^nj < VQ,Rd} 

with direction dq^Rj^ G M, aperture rjq^Rj^ > 0 for some radius rq^R^ > 0 such that 

nori QY^) ^ o 

(135) ' G J:>q,Rd 

RD{im) 

for all m G M. We factorize the polynomial Pm{x) = Q{im)k 2 —i?D(im)/c 2 ^r^'^c'-i)fc 2 form 

(136) -Pm('r) = - qi{m)) 

where 


(137) «(’")-( ,„ 

X exp(,/^(»rg( 


\RD{im)\k2^ ^ 


'RD{im)kl° ^ (do - 1)^)2 (d^ - 1)^2 


)) 
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for all 0 < / < {Sd — l)k 2 — 1, all m G M. 

We choose an unbounded sector Sd centered at 0, a small closed disc -D(0, p) and we prescribe 
the sector in such a way that the following conditions hold. 

1) There exists a constant Mi > 0 such that 

(138) \t - qi{m)\ > Mi{l + \t\) 

for all 0 < Z < { 6 d — l)k2 — 1, all m G M, all r G 5 *^ U D{0,p). Indeed, from (jl35l) and 
the explicit expression (11371) of qi{m), we first observe that \qi{m)\ > 2p for every m G M, all 
0 < I < — l)k 2 — 1 for an appropriate choice of and of p > 0. We also see that for all 

m G M, all 0 < / < {5d — l)k 2 — 1, the roots qi{m) remain in a union Li of unbounded sectors 
centered at 0 that do not cover a full neighborhood of the origin in C* provided that pq^Rjy is 
small enough. Therefore, one can choose an adequate sector Sd such that SdriU = 0 with the 
property that for all 0 < / < {6 d — l)k2 — 1 the quotients qi{m)/T lay outside some small disc 
centered at 1 in C for all r G Sd, all m G M. This yields (|138p for some small constant Mi > 0. 

2) There exists a constant M 2 > 0 such that 

(139) |r - %(m)| > M 2 |%(m)| 

for some /q € {0,... , {5d — l)k 2 — 1}, all m G M, all r G 5*^ U i5(0, p). Indeed, for the sector Sd 
and the disc 11(0, p) chosen as above in 1), we notice that for any fixed 0 < /q < {^D — 1)^2 — 1, 
the quotient T/qi^{m) stays outside a small disc centered at 1 in C for all r G 5^ U D{0,p), all 
m G M. Hence ()139p must hold for some small constant M 2 > 0. 

By construction of the roots (113711 in the factorization ()136p and using the lower bound 
estimates (|138p . (I139p . we get a constant Cp > 0 such that 


(140) |P™(r)|>Mf° (1 + 

I ./l J~) j I ^2 


> M2 


'Jd 






X (min 




= Cp(rQ,p^ )1^^^ I i?p(zm) 1(1 + 


for all r G U 71(0, p), all m G M. 

In the next proposition, we give sufficient conditions under which the equation ()134ll has a 
solution m, e) in the Banach space ^ ^ where F, /3, p are defined above. 

Proposition 14 Under the assumption that 

(141) 6 d > 6 i + ^ 

k2 

for all 1 < I < D — I, there exist a radius rq^R^^ > 0, a constant v > 0 and constants 
?i, 2 ,?o,o,?o,?i,?i,o,?F ,?2 > 0 (depending on Qi,Q 2 ,k 2 ,Cp, p,iy,€o, Ri, Ai, 6i,di for I < I < D-l) 
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such that if 
(142) 


|Ci,2(e)| |Co(e) 

sup I-1 < ?i ,2 , sup I- 

ee-D(0,eo) ^ eeD(0,eo) ^ 




sup I < Q ^ ||Co,o(m,e)||(^^^) < ?o, 

eeD(0,eo) ^ 

I ^ (^)t \ \ ^ H / \ii 

sup I- 1 < , ||V'fc2(T,m,e)||(^/^^_^^fc2) < ?2 

£eD(o,€o) ^ 

for all e G -0(0, eo), the equation has a unique solution m, e) in the space ^ ^ 

with the property that | |a;^^(T, m, e)| ^ ^ ^ -0(0, eo), where (3,p, > 0 are 

defined above, for any unbounded sector Sd that satisfies the constraints ild8\) . ild9\) and for 
any bounded sector 5^ with aperture strictly larger than ^ such that 


(143) 


5^cO(0,p) , 


where .0(0, p) fulfills the constraints I1138\) . I1139\) and where the sector Sd,K.,5 with aperture ^ + 3 
is defined in Lemma 4, where 0 < 5 < ap(C/d). 


Proof We start the proof with a lemma which provides appropriate conditions in order to apply 
a fixed point theorem. 

Lemma 5 One can choose the constant > 0, a constant v small enough and constants 

?i,2,<io,o,<io,?i,?i,o,?F,?2 > 0 (depending on Qi,Q 2 , k 2 ,Cp, cq, Ri, Ai, 6i,di forl<l < D-1) 
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such that if holds for all e G L)(0,eo), the map defined by 

(144) 'H’^^{w{T,m)) 

■ / — sY°~^~^{k 2 S^w{s^^^^ ,m)) — 

Jo 


Rniim) 1 

/ . "^<50 ,p 


Pm{T) 


l<P<<5o-l 


+ e 


-1 


T{6d-p) Jo 

1 


Pm{T)T{l + Jo 

( Cl,2 (6) 


(^^2 _ ^)1A2 


^ Jo J-. 



Qi{i{m — mi))Tt;((s — m — mi) 


xQ 2 {imi)w{x^^^‘^ ,mi)- - —dxdmi] 

[s — xjx ) 


ds 

s 


D-l 


+ E 


Riiim) 
^ Pm{T) 


c^l—dl+Sl — 


^—-i- [ — s) '=2 ,m)) — 

r(^) 


k 2 


+ X] ^<5- 

l<P<<5i-l 


co(e) 

(271)1/2' 


r''2 




—1. 


{r ^2 _ s)-^^^^-^-^{ky’sPw{s^Pym)) — 


r(% + *-p) 


ds 

s 


+ e 


-1 


1 2 

Z _ / fr^2 _ g\i/k2 

Pm{r)T{l + ^)Jo ^ 


1 


-dxdmi ) — 


+e 


-1 


PmiT)Til + ^) Jo 


a +oo 

(/7A:2(('S - x)^/*^^m - ml,e)i^o(*”^l)^<^(^c^^*'^"^l) 7 7 , 

-oo (s - a;)x J s 

(r^^—s)^/^^ ( f Cofii'kn—mi, e)Ro{imi)w{s^^^^, mi)dmi) 


ds 


(277)1/2 ' j_ 


+ P 7 'r), X 1 ' r V*- - 

Pm(r)r(l + ^) do 


satisfies the next properties. 

i) The following inclusion holds 

(145) 'H’fyB{0,v)) C B{0,v) 

where B{Q,v) is the closed ball of radius i; > 0 centered at 0 in ^ ^ //^(Oj^o)- 

ii) We have 

(146) WReHwi) - n^Hw2)\\(u',f},i,,k2) ^ \\\'^^ - W2\\iu',tiw,k2) 
for all wi,W 2 G -6(0, v), for all e G -D(0, eo). 

Proof We first check the property (I145p . Let e G 11(0, eo) and w{T,m) be in p We 
take > 0 and n > 0 such that if (|142p holds and ||re(r,m)||(,^/^^_^_fc2) ^ 
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for all e G D{0, eo). Due to (|140p and by using Lemma 2 with Proposition 6, we get that 

i,- 

-1 Cl,2(e) 


(147) lie 


f (^^2 _ \l/k2 

P^{r)Til + ±)Jo ^ ’ 

1 r+oo 

——/ / Qi(i(m - mi))u;((s - - mi) 

(27r)v^ Jo J-oo 

xQ2(^eni)n;(x^/^^mi) dxdmij —\\(u',i3,,i,k2) 

(S OC j X J s 


< 


■?1,2 <^7lk(r,m)||^^,^^^^^^^) 

r(l + i)(2vr)V2 Cp(rQ,i?^)(^i^ 

? 1,2 


< 




r(l + i)(2vr)V2 

Moreover, for 1 <p<5d — 1 and by means of Proposition 5, we deduce 


...oi n^Diim) ^ 1 

(f^o) II o ^So,p 


Pm{T) "^’‘'r{ 6 D-p) Jo 
< - 


fjc 

(r^2 _ s)'^^-P-^(A:fsPn;(s^/^^m)) —||(^/,^,^,fc2) 
|^(5£) ,p|^2^6 


r((5p) - p)Cp{rQ^Rj^)PP^^ 


\w{t, m)||(^/,^,^,fc2) 


< 


I^5d ,pI^ 2^6 


-V. 


T{6d - p)Cp{rQ^Rjy)^^D 1)^2 

For all 1 < / < D — 1, from the assumption (jl41D and by means of Proposition 5, we have 


(149) 


' Pm{r) 


1 


r'=2 


^^’^2 1 /7 <? 

|i2z(im)| 


efc2 1 Jo 


, ds, 

s 


k2 


- _,rf? 


k'jCo 


|g|A,-di+5,-l g^p 


r(^)Cp(rQ,H,)(^n-i)'=2 


»-/ I / \ I 

msR |7?p(im)| 


|tc(r, m) 


(v' ,l3pM) 


kJjCo 


r(%)Cp(rQ,p,)(^n-i)^2 


^l—di+6i — l 
"0 


mSR |-RD(im)| 


and 

( 150 ) 


Pm{T) 


,dl. 


r(^ + * - p) 


Jo 'S 


-■^lk2 


l^5„p|fcfC6 




r(-^ + d;-p)Cp(rQ,p^)(^n-i)'=2 


II / Ml 

\As„pmCe 


— W2 1 

n^^+di -p)Cp{rQ,RjTs]^ 


^l—di+5i — l 
^0 


\Ri{im)\ 

msR |7?p(zm)| 


■V, 
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for all 1 < p < (5; — 1. Taking into account Lemma 2 and Proposition 6, we also get that 

r '=2 


(151) ||6 


-1 


co(e) 


Pm{T)T{l + Jo 


r (r'-s - S)'/-". 
77) 40 


1 


S /• + OD 


(27r)V2- 


0 J —00 


^k 2 {{s - mi,e) 


< 


X Ro{imi)w{x^^^'^,mi) ^ dxdmA — ^ 2 ) 

(S X ) X j s 

?1,0 C*?! IV2fc2 (l m,€)\\ (^/,/3,^,fc2)Im)11 (u',^,f,,k2) 


r(l + ^)(27r)V2 


C'p(rQ,ij^)(^u-i)fc2 


< 


‘ii,o 




r(l + i)(2vr)V2 


Due to Lemma 2 and Proposition 7, 

r'=2 


(152) ||e 


-1 


co,o(e) 


P^(r)r(l + ^ 


-j P + OD 

IT / (r^" - . u/2 W <^ 0 , 0 (^- 7711 , 6 ) 

^) ^ (27r)V2 


X iio(imi)7u(s^/*'^??7i)(i??7i)^||(i,/^^_^_fc2) 

‘io.o 


ds 

s 

< 




holds. Finally, from Lemma 2 and Proposition 5, we get 


(153) ||e 


-1 


cp(e) 


Pm{T)ril + ^) Jo 




ni + ^^)i27ryP Cp{rQ,R^)PP^^ 


ds , 


< 


^fCq 


r(l + ^)C'p(rQ,p^)<'*D-i)fc 2 min^eR |i?D(i?77)| 


< 




^fCq 


r(l + ^)(^p(r’Q,P 3 )<'*u-i )'=2 min^eR |-RD(im)l 

Now, we choose v, ?i,2,?o,o,?o,?i,?i,o,?P,?2 > 0 and rQ,p^ > 0 such that 

Cjv"^ , |415d,pI^2^6 


-? 2 - 


(154) 


? 1,2 


+ E 


r(l + i)(2vr)i/2 1<P<5^-1 r(<5D -p)Cp(rQ,p^)FT^ 


ki^Co 


+ E _ _ 

i<Ki3-i r(-g^)Cp(rQ,p^) (^u-i)'=2 


,df 


^0 


\Ri{im)\ 
sup ——-—-7 
mSR |7tp(i?T7)| 


■V 


+ E 




.dP 


+ 


i<P<di-i r(^ + <5/ -p)Cp(rQ,p^)(^u-i)'=2 

D,o Cjgiv ?o,o 


Ai-di+&i-i \Ri{im)\ 

— - Cq ‘ ‘ ‘ sup —7: —V 


+ 


meR |7?D(im)| 

Cg^v 


r(l + ^)(27r)i/2 c’p(rQ,p^)<«u-i)'=2 r(l + ^)(2p)V2 Cp(rQ,Po) <^u-i)'=2 

‘^fCq 


+ 


r(l + ^)C'p(rQ,p^)<'*u-i )'=2 min^eR |i?D(i?77)| 


■?2 < 
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Gathering all the norm estimates (|147l) . (I148p . (11491) . (11501) . (|15ip . (11521) . ()153p under the con¬ 
straint (I154p . one gets (|145D . 

Now, we check the second property (|146l) . Let wi{T,m),W2{T,m) be in We take 

u > 0 such that 

\\wi{T,m )\\(^,< V, 

for I = 1,2. One can write 

(155) Qi{i{m — mi))wi{{s — — mi)Q2{imi)wi{x^^^'^ ,mi) 

— Qi{i{m — mi))w2{{s — m — mi)Q2{imi)w2{x^^^^ ,mi) 

= Qi(i(m — mi)) — x)^^^^,m — mi) — W2{{s — x)^^^^,m — mi)^ Q2{imi)wi{x^^^^,mi) 

+ Qi{i{m — mi))w2{{s — x)^^^^,m — mi)Q2{imi) (^wi{x^^^^,mi) — W2{x^^^^,mi)'^ 
and using Lemma 2 with Proposition 6, we obtain 


(156) ||e 


-1 


Cl, 2 (e) 


.fm(l')r(l -|- 


— r (rfe - s)!/*" 

W -10 


S /• + CXD 


(27r)i/2 



{Qi{i{m — mi))u;i((s — x)^^^^ ,m — mi) 


0 J —oo 


< 


X Q 2 (*" 1 i)ici(x^/^^, mi) — Qi(z(m — mi))w 2 {{s — x)^^^^,m — mi) 

X Q 2 (imi )u;2 , mi)) ^ dxdmi j — 11 {v',p,iL,k 2 ) 

( S OC j X J s 

rn ^ i^’v9^u/2 - 1 11^1 - ^2(l m) 11 ^y',p,^,,k2) 

r(l + ^)(27r)V2 

X (||u;i(T,m)||(^/^^_^_fc2) + Il^2(r,m)||(^/_^_^_fc2)) 

?i,2 Ci 2 v 


< 


r(l + i)(2vr)V2 Cp(rQ,i^^)(^D-i)fc2 


u;i(r,m) - u; 2 (r,m)||(^,_^_^_fc 2 ) 


From the estimates pi48l) , (I149p , (11501) , (11511) , (11521) and under the constraint (I14ip , we find that 
for 1 < p < (51) — 1, 


II D - 


r *^2 


fc2 _ „\&D-P-^ 


P^{t) '’°’Pr((5z)-p) 


- s) 


ds , 


X {klsP{wi{s^/^^,m) - W2{s^^^^,m))) — \\(^^, 


< 




r((5_D-p)Gp(rQ^/j^) ('*D 1)^2 


||'u;i(r,m) - W 2 {T,m)\\(^^,^^^^^^ 2 ) 
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holds and that for 1 < / < -D — 1 , 


(158) 


. Rijim) 

Pmij) 






r(%) 


T ^2 _ g\ K 2 


^-1 




< 


ki‘Ce 


n'^)Cp{rQ,R,)PR^2 


^l—dl+5i — l 
1 ^0 


\Ri(im)\ 11 , , , 

IP r 

meK \RD{^m)\ 


and 

(159) 


.Ri{im) Asi^pe 


Ai-di+&i-l pt'^2 


(r ^2 — s) '=2 


°i,fc 2 


Pm{T) 


.d? 


+Si-p-l 


n^+si-p) 


ds , 


X {k^sP{wi{sP’^^,m) -u>2(s^/''^m))) — 


- -Ah. 


lAsuplk^Ce 


^^l—di+Si — l 


r(^ + 5i-p)Cp(rQ,^^)(^n-i)^2 


\Ri(im)\ 

IP r M - ^^2 r,m) 

meR \RD{.^rn)\ 


arise for all 1 < p < — 1 , together with 

-1 co(e) I 


(160) ||e 


Pm{T)Til + ^) Jo 


(^fc 2 _ g)lA 2 


1 


S /• + OD 



ipk 2 {{s - mi,e) 


0 J —oo 


< 


(27r)^/^ 

?i,o Cj\\ipk2{T,m,e)\\(^t^p^p^k2)\\wi{T,m) - u)2(r,m)| 


X Ro{imi){wi{x^/’"^,mi)-W 2 {x^^’"^,mi)) ^ dxdmA —\\{u',id,p,k 2 ) 

(5 X ] X j S 


r(l + ^)(27r)V2 


< 


C'p(rQ,i?^)("D-i)fc2 

?i,o C' 7 ?i||wi(r,m) - W 2 (r,m)||(^/_; 3 _^_fc 2 ) 


r(l + ^)(27r)V2 


C'p(rQ,p^)('5n-i)'=2 


and finally 
(161) ||e"^ 


co,o(e) 


P^(r)r(l + ^ 


/*r^2 1 /* + C>D 

IT / (r^" U/2 W <^0,0(^-7711,6) 

^) ^ (2p)V2 


ds, 


X i^o(^"^l)(^i’l('S^/^^ml) - W2{s^^^^,mi))dmi) — \\(^^>^p^^^k2) 


< 


?o,o Cs%\\wi{T,m) - W 2 {T,m)\\(^^,^f}^p^k 2 ) 


r(l + ^)(27r)V2 


Cp{rQ^Rj^^D-l)k2 
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Now, we take v and such that 


(162) 


? 1,2 


C 72 V 


+ E 


\-^5o ,p|^ 2^6 


r(l + i)(2vr)V2 C/p(r-Q,K^)(^n-i )'=2 7<p<Sn-l nSD-p)Cp{rQ^R^)(^n-i )>^2 


+ E 


k 2 ‘Ce 




1 -^0 


^l—dl+Si — l 


i<l<D-iTi^)Cp{rQ,R,)T^^^2 


\Ri{im)\ 
mSR \RD{im)\ 


+ E 


lAsJk^Cs 


.d? 


l<P<Si-l r(-^ + 61 - p)Cp{rQ^R^) (^n-i)'=2 


Ar-di+5i-i \Rl{irn)\ 
1 ^0 


+ 


msK \RD{im)\ 

+ ? 0 ,oC* 8?0 


r(l + i)(27r)V2 c-p(rQ,p^)(^n-i)'=2 



Bearing in mind the estimates (I156p , (|157D , (I158jl , ()159D , (jlhOjl , ()16ip under the constraint (jl62l] , 
one gets (|146D . 

Finally, we choose v and vq^Rj^ such that both (I154p and (|162p are fulfilled. This yields our 
lemma. □ 


We consider the ball B(0,u) C ^ ^ constructed in Lemma 5 which is a complete metric 
space for the norm ||•|l(l/',/ 3 p,fc 2 )• From the lemma above, we get that is a contractive map 
from i?(0, u) into itself. Due to the classical contractive mapping theorem, we deduce that the 
map has a unique fixed point denoted (r,m,e) (i.e R^^{uj'j^^{T,m,e)) = m,e)) in 

.6(0, u), for all e E 6(0, cq). Moreover, the function a;^^(T, m,e) depends holomorphically on e 
in 6(0, eo). By construction, a;^^(T, m,e) defines a solution of the equation (|134p . This yields 
the proposition. □ 

In the next proposition, we present the link, by means of the analytic acceleration operator 
defined in Proposition 13, between the holomorphic solution of the problem (|85l) constructed in 
Proposition 11 and the solution of the problem ()134p found in Proposition 14. 


Proposition 15 Let us consider the function a;^^(r, m,e) constructed in Proposition 11 and 
which solves the equation The function 


f dh 

T ^ Accf^,^! (Wfc^)(r, m, e) := {h ^ {h, m, e))(r) = {h, m, e)G{T, h) — 


defines an analytic function on a sector *5^<5 (c 2 /i^)i /''/2 direction d, aperture f + <5 and 
radius {c 2 li'Y^^I2, for any 0 < <5 < a,p(Ud) and for a constant C 2 introduced in hllfif) . with the 
property that Acc^^ c) = 0, for all m € M, all e & 6(0, eo). 

Moreover, for all fixed e E 6(0, eo), the following identity 

(163) = ui^{T,m,e) 


holds for all r E SdK&{c 2 lvYl'^ 12^ m E K, provided that v > t) is chosen in a way that 
Sd K s {c 2 /uyti ^/2 ^ kolds where S\ is the bounded sector introduced in Proposition 14- 

As a consequence of Proposition I 4 , the function r 1 —>■ Accf^^fcj (WfcJ(T, m, e) has an analytic 
continuation on the union U Sd, where the sector Sd has been described in Proposition I 4 , 
denoted again Accf^j^^{(jjf_^){T,m,e) which satisfies estimates of the form : there exists a constant 
> 0 with 

|Accf2,fci(wfcJ(r,m,e)| < C^,^(l + |m|)"'^e"^l™I^E^L exp(i2'|r|^") 


(164) 
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for all T G S^U S^, all m G R, all e G -D(0, eo). 

Proof From Proposition 11, we point out that belongs to the space 

and that \\ujf^\\{u,i3,^i,ki,f^) — ^ ^ -C)(0,eo)- Due to Proposition 13, we deduce that the 

function r i—)• Acc^^ fci defines a holomorphic and bounded function with values in 

the Banach space (with bound independent of e) on a sector {cilvfl'^ 12 with direction 

d, aperture ^+5 and radius {c 2 lvY^'^I2, for any 0 < <5 < ap([/d) and for a constant C2 introduced 
in (jllGI) . for all e G 11(0, eo). 

Now, as a result of Proposition 13, we also know that the function r i—>■ Acc^^ (a;^J(r, m, e) 
is the K—sum of the formal series 

^ uJki{h,m,e)){T) = Uk2{T,m,e) 

viewed as formal series in r with coefficients in the Banach space £'(^3^^), on 5^ ^ ^ 

all e G 11(0, eo). In particular, one sees that Acc^^ fci(‘^fci)(d’"^’^) = d, for all e G Zl(0,eo). 

Likewise, we notice from Lemma 4, that the function r 'ipf^{T,m,e) is the k— sum on 

^dKS (c 2 lvYl<^ 12 of formal series '4’k2{T-: defined in (I124p . viewed as formal series in r with 

coefficients in the Banach space F'(/3,3t), for all e G 11(0, eo). We recall that t5fc2(T, m,e) formally 
solves the equation ()125p for vanishing initial data Uk^ (0, m, e) = 0. Using standard stability 
properties of the k— sums of formal series with respect to algebraic operations and integration 
(see [1], Section 3.3 Theorem 2 p. 28), we deduce that the function Accf^^^^(a;^J(r, m, e) satishes 
the equation (11341) for all r G 5'^ « ^ (c 2 /!/)i/k/ 2) m G R, all e G Zl(0,eo), for vanishing initial 
data Accf^ ,,^(a;^J(0,m,e) = 0. 

In order to justify the identity (|163p . we need to define some additional Banach space. We 
keep the aforementioned notations. 

Definition 6 Let h' = (c2/z^)^^'^/2. We denote H(^^i p^^ k 2 ,h') the vector space of continuous 
functions (r, m) 1—>■ L(r, m) on Sd,K,s,h' x holomorphic with respect to r on Sd^K,5,h' such that 

1 + 

(165) \\h{T,m)\\(^^>^i3^f,^k2,h') = _ sup (l + |m|)^---exp(^|m| - z^'lr|^^)l^(u"i)l 

is finite. One can check that p^^ k 2 W) ^‘^dowed with the norm \\.\\[i,'^p^^^k 2 ,h') ® Banach 

space. 

Remark: Notice that if a function /i(r, m) belongs to the space ^ ^ for the sectors Sd 
and described in Proposition 14, then it belongs to the space ^^^^ k 2 ,h') (provided that 
> 0 is chosen such that Sd^K,s,h' C S^) and moreover 




holds. 

From the remark above, one deduces that the functions (pk 2 iT,m,e) and belong to 

the space ,fs,^i,k 2 ,h')- 

In the following, one can reproduce the same lines of arguments as in the proof of Proposition 
14 just by replacing the Banach space ^ ^ by jd^^^k 2 ,h')j one gets the next 
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Lemma 6 Under the assumption that \141\) holds, for the radius > 0, the constants v 

and ?i, 2 ,?o, 0 )? 0 )?i, 0)?2 given in Proposition If for which the constraints hold, the 

equation jlSfl ) has a unique solution ujk 2 ,h'{j-,vn,e) in the space with the property 

that for all e € L>(0,eo). 


Taking into account Proposition 14, since m,e) belongs to Ffyi p k 2 )'' belongs to 

the space H(u',p,^i,k 2 ,h')- Moreover, since r i-)> Accf^ f^^{ujf^){T,m,e) defines a holomorphic and 
bounded function with values in the Banach space -E(/ 3 ,/i) (with bound independent of e) on 
Sd,K,s,h' that vanishes at r = 0, we also get that Accf^ j^^{u}f^){T,m,e) belongs to 

As a summary, we have seen that both ojf,^{T,m,e) and Accf,^ j^^{ojf.^){T,m,e) solve the same 
equation ()134p for vanishing initial data and belong to Moreover, one can check 

that the constant u > 0 in Lemma 6 and Proposition 14 can be chosen sufficiently large such 
that ||Accf 2 ,fei(wfJ(r,m,e)||(j,/_,g^^^fc 2 ,fe/) < v holds, if the constants ?i, 2 , ?o,oAgo, > 0 are 
chosen small enough and rq^Rj^ > 0 is taken large enough. By construction, we already know 
that \\a}'l^{T,m,e)\\(^,jyp^^^k 2 ,h') < 'O- Therefore, from Lemma 6, we get that they must be equal. 
Proposition 15 follows. □ 

Now, we define the Laplace transforms 


(166) F^{T,m,e) := k 2 f 'if’l^{u,m,e)e 

JLd ^ 

U‘^{T,m,€) := k2 / uj'l^{u,m,e)e~^^^'"‘^ — 
JLd ^ 

which, according to the estimates (|129D and (11641) . are valued bounded holomorphic 

functions on the sector Sd,e,h> with bisecting direction d, aperture ^ ^ + ap(<S'd) and 

radius h', where /i' > 0 is some positive real number, for all e G L*(0, eo). 

Remark: The analytic functions F'^(T, m, e) (resp. U^{T,m,e)) can be called the 

(rufcj, w-fci)—sums in the direction d of the formal series F{T, m, e) (resp. U{T, m, e)) introduced 

in the Section 4.1, following the terminology of [T], Section 6.1. 

In the next proposition, we construct analytic solutions to the problem (I72p with analytic forcing 
term and for vanishing initial data. 

Proposition 16 The function f7'^(r, m, e) solves the following equation 


(167) Q{im){dTU'^{T,m,e)) -T^^o-m2+i)QSD 

Qi{i{m — mi))U^{T, m — mi, e)Q 2 {imi)U^{T, mi,e)dmi 


= e 


-1 Cl, 2 (e) 


(27r)V2 


D-l 




1=1 


+ e 


^ J Co(T,m-mi,e)Ro{imi)U‘^{T,mi,e)dmi 

Co,o{m — mi, e)Ro{imi)U‘^{T, mi, e)dmi + e~^CF{e)F'^{T, m, e) 


+ e 


(27r 

-iCo,o(e) 


(27r)^/^ 

for given initial data U‘^{0,m,e) = 0, for all T G Sd,e,h', m, G M, all e ^ D{0,eo). 
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Proof Since the function ujf^{u, m, e) solves the integral equation ()134l) . one can check by direct 
computations similar to those described in Proposition 8, using the integral representations 
()166p that U'^{T,m,e) solves the equation ()123p where the formal series F{T,m,e) is replaced 
by F'^(T, m, e) and hence solves the equation ([7511 where F'^(T, m, e) must be put in place of 
F{T,m,e). □ 

5 Analytic solutions of a nonlinear initial value Cauchy prob¬ 
lem with analytic forcing term on sectors and with complex 
parameter 

Let ki,k 2 > 1, D > 2 he integers such that k 2 > ki. Let <5; > 1 be integers such that 

(168) 1 = , 6i < (5/+1, 

for all 1 < / < — 1. For all 1 < / < I? — 1, let d;, A; > 0 be nonnegative integers such that 

(169) di > 6i , Ai-di + 6i-l>0. 

Let Q{X),Qi{X),Q 2 {X), Ri{X) E C[X], 0 < / < be polynomials such that 

(170) deg((3) > degiRo) > deg{Ri) , degiRo) > deg(Qi) , degiRo) > deg{Q 2 ), 

Q{im) 0 , Ri{im)^d , Rr){im) 0 


for all m E M, all 0 < / < H — 1. 

We require that there exists a constant rQ^Jl^ > 0 such that 


(171) 


Q{im) 

Ri{im) 


'A rQ,Ri 


for all m E M, all 1 < / < H. We make the additional assumption that there exists an unbounded 
sector 


Sq,Ro ={zG C/\z\ > rq^Rjy , |arg( 2 ;) - dg^Rj < 
with direction dq^Rj^ E M, aperture rjq^Rj^ > 0 for the radius rq^Rj^ > 0 given above, such that 


(172) 


Q{im) 

Rniim) 


£ Sq,Rd 


for all m E M. 


Definition 7 Let >2 be an integer. For allO < p < g — 1, we consider open sectors £p centered 
at 0, with radius cq and opening ^ + Hp, with Kp > 0 small enough such that £p n Sp+i / 0, for 
all 0 < p < g — 1 (with the convention that = £()). Moreover, we assume that the intersection 
of any three different elements in {£p}o<p<<;-i is empty and that =U \ {0}, where U is 

some neighborhood of 0 in C. Such a set of sectors {£p}Q<p<^-i is called a good covering in C*. 

Definition 8 Let {£p}o<p<,;-i be a good covering in C*. Let F be an open bounded sector 
centered at 0 with radius rj- and consider a family of open sectors 

S,„e,eorr = {r E C7|r| < eorr , |0p - arg(r)| < 9/2} 
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with aperture d > -k jk^ and where Vp E M, for all 0 < p < (; — 1, are directions which satisfy the 
following constraints: Let qi{m) be the roots of the polynomials /lld6\) defined by and Sj)^, 

0<p<? — 1 be unbounded sectors centered at 0 with directions t)p and with small aperture. Let 
p > 0 be a positive real number. We assume that 

1) There exists a constant Mi > 0 such that 

(173) \t - qi{m)\ > Mi{l + \t\) 

for all 0 < I < {6 d — 1)^2 — 1; M m E M, all t ^ U D{0, p), for all 0 < p < ^ — 1. 

2) There exists a constant M 2 > 0 such that 

(174) |r - %(m)| > M 2 |%(m)| 

for some Zq £ {0,..., {6d — 1)^2 — 1}; all m E M, all t ^ U -D(0, p), for all 0 < p < g — 1. 

3) There exist a family of unbounded sectors Unp with bisecting direction t)p and bounded sectors 

with bisecting direction dp, with radius less than p, with aperture ^ + Sp, with 0 < 6p < 
ap(C/ 5 p), for all 0 < p < ^ — 1, with the property that n / 0 for all 0 < p < (^ — 1 (with 
the convention that 0^ = do). 

4) For all 0 < p < (^ — 1, for all t &T, all e G Sp, we have that et E 

We say that the family {(<S'ap,6i,eo?'r)o<p<?-i)"T”} '1^ associated to the good covering {Sp}o<p<<;-i- 

We consider a good covering {£^p}o<p<?-i and a family of sectors {(5'5p^e^e(,rr)o<p<?-i) 7”} 
associated to it. For all 0 < p < <;^ — 1, we consider the following nonlinear initial value problem 
with forcing term 

(175) Q{d,,){dtu^p{t, z, e)) = ci,2(e)(Qi(<9^)u®^(t, z, e)){Q 2 {d,f)u^^{t, z, e)) 

D-l 

1=1 

+ co(t, z, e)Ro{dz)u^p{t, z, e) + CF{e)f^{t, z, e) 


for given initial data (0, z, e) = 0. 

The functions ci^ 2 (e) and Ci?(e) are holomorphic and bounded on the disc 77(0, cq) and are 
such that ci_2(0) = cf( 0) = 0. The coefficient co{t,z,e) and the forcing term pr{t,z,e) are 
constructed as follows. Let co(e) and co,o(e) be holomorphic and bounded functions on the disc 
77(0, eo) which satisfy co(0) = co,o(0) = 0. We consider sequences of functions m Co,n{'on,e), 
for n > 0 and m >->■ Fn{m,e), for n > 1, that belong to the Banach space for some 

ft > 0, p > max(deg((5i) + l,deg(Q 2 ) + 1) and which depend holomorphically on e E 77(0, eo). 
We assume that there exist constants Kq , Tq > 0 such that (EH) hold for all n > 1, for all 
e E 77(0, eo). We deduce that the function 


(So{T,z,€) = co,o(e)-T ^(m C'o,o(m, e))( 2 ;) + ^ co(e)T' ^(m 1 -^ Co^nim,e)){z)T'^ 

n>l 


represents a bounded holomorphic function on 77(0, To/2) x 77^/ x 77(0, eo) for any 0 < ft' < ft 
(where denotes the inverse Fourier transform defined in Proposition 9). We define the 
coefficient co{t,z,e) as 


( 176 ) 


co{t,z,e) = (to{et,z,e) 
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The function cq is holomorphic and bounded on T)(0, r) x Hpi x Z)(0,eo) where reo < Tq/2. 

We make the assumption that the formal —Borel transform 

V’fci(r,m,e) = ^Fn{m,e)-^ 

n>i 

is convergent on the disc li>(0, p) given in Definition 8 and can be analytically continued w.r.t r 
as a function r !->■ m, e) on the domain U D(0, p), where C/op is the unbounded sector 

given in Definition 8, with m,e) G ^^vp^kiki) such that there exists a constant 

Cpfej > 0 such that 

(177) 

for all e G D(0, eo). 

From Lemma 4, we know that the accelerated function 

i’ll (d "it) := (h e))(r) 

dehnes a function that belongs to the space ^ ^ for the unbounded sector and the 
bounded sector given in Definition 8. Moreover, we get a constant ^ with 

(178) \\i’lli'^^'kn,<^)\\iu',f},^^,k2) ^ 

for all e G D(0,eo). We take the mfc 2 —Laplace transform 

(179) F^p{T,m,e) := k2 [ ipl’"{u,m,e)e~^T^'^^— 

which exists for all T G m G M, e G D(0,eo), where is a sector with bisecting 

direction t)p, aperture ^ + ap(S'op) and radius h', where h' > 0 is some positive real 

number, for all e G D(0, cq). 

We define the forcing term z,€) as 

(180) f^’’{t,z,e) := F~^{m F^^{et,m,e)){z) 

By construction, z, e) represents a bounded holomorphic function on Tx Hf,' xSp (provided 

that the radius rj- of T satisfies the inequality eorj- < h' which will be assumed in the sequel). 


In the next first main result, we construct a family of actual holomorphic solutions to the 
equation ()175p for given initial data at t = 0 being identically equal to zero, defined on the 
sectors £p with respect to the complex parameter e. We can also control the difference between 
any two neighboring solutions on the intersection of sectors £p n Ep+i. 


Theorem 1 We consider the equation |175D and we assume that the constraints I1168\) . /1169\} . 
17771 ) and (|17il[) hold. We also make the additional assumption that 


di + k\ + l — 5i{ki + 1) + djj^^ , djj^^ > 0 

k2 ^ di + {l- 6i) 

k2-ki ~ di +{I - 6i){ki + 1 ) 


1 _ 1 1 

’ K ki ^2 ’ 

4,fci > - 1)(^2 - ki) 


do > di + 


k2'‘ 


( 181 ) 
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for 1 < I < D — 1. Let the coefficient co(t,z,e) and the forcing terms pp{t,z,e) be constructed 
as in d j 76| ), IllSM . Let a good covering {£’p}o<p<?-i in C* he given, for which a family of sectors 
,e,eorr)o<p<f-i) "7”} associated to this good covering can be considered. 

Then, there exist radii rg^R^ > 0 large enough, for 1 < I < D and constants Ci, 2 , Co, 0 ) Ci, 0 ) Cf > 
0 small enough such that if 


( 182 ) sup |^i^|<Ci,2 
eeD(0,eo) ^ 


|Co(e)| . . 

sup I-1 < Ci,o 

ee-D(0,eo) ^ 


|Co,o(e)| / ^ 
sup I-1 < Co,o, 

ee-D(0,eo) ^ 


|CF(e)| , 

sup I-1 < Cf, 

ee-D(0,eo) ^ 


thereafter for every 0 < p < ? — 1, one can construct a solution u^^{t, z, e) of the equation \175\) 
with u^p{0,z,e) = 0 which defines a bounded holomorphic function on the domain T x Hpi x 8p 
for any given D < j3' < fd. 

Moreover, the next estimates hold for the solution u^p and the forcing term pp : there exist 
constants 0 < /i" < r-p, Kp,Mp > 0 (independent of e) with the following properties: 

1) Assume that the unbounded sectors and have sufficiently large aperture in such a 

way that 11^}^ n C/op+i contains the sector [4^ = {r € CVarg(r) € [t)p,0p+i]}, then 


Mp 

(183) sup \pp+^{t, z,€) — pp{t, z,e)\ < KpC 

teT r\D(Q,h"),zeHp, 

sup \fp+^{t,z,e) 

teT nD{o,h"),z^H^, 


_ Mp 

fp{t,z,e)\<Kpe ^ 


for all € G 8p+i n £p. 

2) Assume that the unbounded sectors and have empty intersection, then 


Mp 

(184) sup \pp+^{t, z,e) — pp{t, z,e)\ < KpC 

teT nD{o,h"),zeHpi 

Mp 

sup \fp+^{t,z,e)-pp{t,z,e)\<Kpe 

teT r\D{o,h"),z&Hp/ 


for all € G 8p+i n £p. 


Proof Let 0 < p < <;^ — 1. Under the assumptions of Theorem 1, using Proposition 16, one can 
construct a function C/®r(T, m,e) which satisfies U^p{0,m,€) = 0 and solves the equation 


(185) Q{im){dTU^p{T,m,e))-P^^-^^^^^+^^d^^RDiim)U^p{T,m,e) 

Qi{i{m — mi))U^p{T, m — mi, e)Q 2 {imi)U^p{T, mi,e)dmi 


= € 


-lCl,2(t) /■+“ 


(27r)l/2 


D-1 


+ Ri{im)e^^-'^‘+^‘-^T^‘d^U'’p{T,m,e) 


1=1 


+ e 


-1 co(e) /■+- 


+ e 


(27r)i/2 J_ 

(27r 


Cq{T, m — mi, e)-Ro(*"^'i)f^^^(^) fvi, €)dmi 


i(e) 

J Cofi{m-mi,e)Ro{imi)U^p{T,mi,e)dmi + e~^CF{e)F^p{T,m,e) 


— OO 
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where Co{T, m, e) = X]n>i C'o,n("r, e)T"' is a convergent series on D{0, To/2) with values in 
and F^p{T,m,€) is given by the formula (|179l) . for all e G T)(0, eo). The function {T,m) i->- 
U^p{T,m,€) is well defined on the domain x M. 

Moreover, U^p{T,m,e) can be written as Laplace transform 

(186) U^p{T,m,€) = k2 [ ujlliu,m,e) exp{-{^)'^^) — 

Jl,, T u 


along a halfline C U {0} (the direction 7 ^ may depend on T), where 

defines a continuous function on (S'g^ U S’^^) x M x D{0,eo), which is holomorphic 
with respect to (r, e) on U x T)(0, cq) for any m G M and satisfies the estimates: there 
exists a constant C > 0 with 

k2 

(187) |a;®^(T,m,e)| < (1 + |m|)"^e"^l™lexp(i/'|r|^2) 

for all r G U all m G M, all e G D{0, eo). Besides, the function w^^(r, m, e) is the analytic 
continuation w.r.t r of the function 

(188) T ^ Accll ,^^{ujll){T,m,e) = [ a;®^(/i, m, e)G(T,/i)^^ 

J L ^ 

7 ^ 


where the path of integration is a halfline L^i = C Uxi^ (the direction 7 ^ may depend 

on r), which defines an analytic function on ^ ^ which is a sector with 

bisecting direction dp, aperture 7 + and radius (c 2 /j^)^/'^/ 2 . We recall that u:^^^{h,m,e) 
defines a continuous function on (1/)^ U T)(0, p)) x R x 11(0, eo), which is holomorphic w.r.t (r, e) 
on (f/g^ U 11(0, p)) X 11(0, eo), for any m G R and satisfies the estimates: there exists a constant 
C Bp > 0 with 


(189) 


u;^(’(r,m,e)| < C >(1 + 


m 


)-A‘g-/3|m| 


T 


1 + Irp^i 


exp(i/|T|'‘) 


for all r G f/jp U 71(0, p'), all m G R, all e G 71(0, eo). 

Using the estimates (118711 . we get that the function 

(T, z) ^ U®^(T, z, e) = T"^(m ^ C/®^(T, m, e))(z) 


defines a bounded holomorphic function on x Hp/, for all e G 71(0, eo) and any 0 < /3' < /3. 

For all 0 < p < ? — 1, we define 


{t, z, e) = (et, z, e) 


k2 

(27r)^/2 




^izm 


du 

—am. 
u 


Taking into account the construction provided in 4) from Definition 8 , the function u^p(t,z,e) 
defines a bounded holomorphic function on the domain T x X £p. Moreover, we have 
n®p(0, 2 ;, e) = 0 and using the properties of the Fourier inverse transform from Proposition 9, we 
deduce that n®p(f, z, e) solves the main equation (I175p on T x Hpi x £p. 

Now, we proceed to the proof of the estimates (I18.sp . We detail only the arguments for the 
functions since the estimates for the forcing terms /®p follow the same line of discourse as 
below with the help of the estimates (I178p instead of (I187p . 
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Let 0 < p < ? — 1 such that n contains the sector First of all, from 

the integral representation ( 11881 ) by using a path deformation between L^i and L i , we 

>p ^p +1 

observe that the functions Acc^^ (a;^^)(r, m, e) and Acc^^''"^’^(t(j^^^^)(r, m, e) must coincide on 
the domain /2 ^ /2) x ^ x -D( 0 ,eo). Hence, there exists a 

function that we denote (r, m, e) which is holomorphic w.r.t r on •S'j^ ^ <5p (c2/i^)i/«/2 

•^Op+i K (5p+i (c2/!^)i/''/ 2 5 continuous w.r.t m on M, holomorphic w.r.t e on H(0, cq) which coincides 

with Acc®^^^^(a;J)(r,m,e) on 55p,^,5p,(c2/^)i/«/2 x M x Zl( 0 ,eo) and with AccJ+\(a;®f ^)(r, m, e) 
on \+i,Mp+i,(c2A)i/V2 X M X 11 ( 0 , eo). 

Now, we put pu^K = [c.2lv)^l^l‘l- Using the fact that the function 

is holomorphic on 50p,K,5p,p,.„ U „ for all (m, e) G M x L»( 0 , eo), its integral along the 

union of a segment starting from 0 to (piy^K/2)e*'>'r+U an arc of circle with radius Pj/,k/ 2 which 
connects (p,2^re/2)e*'^J’+i and {pu^i^/ 2 )e^'^p and a segment starting from {p^^i^l 2 )e'^'^p to 0, is equal 
to zero. Therefore, we can write the difference as a sum of three integrals, 


( 190 ) u^^+^{t,z,e)-v!’^{t,z,e) = 


k2 


(27r)^/2 


/ H-oo p 
-CO J L 


du 


Piz,rt;/2,7p_j_2^ 


{u,m,e)e ^ 

K2 


k2 


f+OO 

(27r)V2y_^ 

k 2 


f f a;^^(ri, m, e)e e^^'^—dm 

J—oo JL^.. ./o ^ 


+ 


^ J J CO 


where Lp^,,/2,7p+i — [^'i/,k/ 2,+oo)e*>+U '^Pix,/t/ 2 ,' 7 p [p^,^/2,+oo)e*> and (Tp„,„/2,7p,7p+i is an 

arc of circle with radius p^,k/ 2 connecting (pi.^K/2)e*'>'p and (pjy^K/2)e®'>'r+i with a well chosen 
orientation. 

We give estimates for the quantity 


/i = 


A:2 


r+co 


(27r)V2 J_^ lip^,^/2.7p+i 


0 p+l/ N, 


u 


By construction, the direction 7^+1 (which depends on et) is chosen in such a way that cos(/c2(7p+i 
arg(et))) > ( 5 i, for all e G Tp n Tp+i, all t G T, for some fixed > 0 . From the estimates (I 187 |) . 
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we get that 


U r+co r+co 

( 1 ”) S TTTTTi / / C..«(l + l™lr'‘<=-'’'’”' 

(27r)V^ J_^ J ,2 


_j_ fp‘2k2 

|et |^2 ^ r 


fcaC 


^p+1 /• + CXD 


< 


(27r)i/2 J_ 


2 k 2 C 


< 


®p+l /* + oo 
^2 


(27r)V2 


/ 


/ +00 /*+oo r 

e-(/3-/3')IHrf^ / exp(-(^ - j/'|e|^2)( 

yp .,./2 ' 

/■+<» X |^2 (i^ — 

e-ff-»'>"dm / 'IIP I I ' 2 


' Pi2,k/ 2 V |j|fc2 

|fc 2 


(A - 


xeM-{A:-^'\e\'^^)iu)"")dr 


2 k 2 C 


V+i 


< 


^2 


|A :2 


(27r)V2 _ ^/)(^ _ ^/|g|fc2)/,2(^)fc2- 


_ exp(-(^ - i.'|e|fc 2 ) 

1 Mt ^2 ' ' ' \f\k2 ’ 


2 k 2 C Op+i 


1^2 


< 


. . {pU,K/ 2 f^ 

(27r)V2 (/3_/3/)52A:2(^)^2 -i^ ’ 


for all t E T and |Ini( 2 ;)| < /3' with |t| < (— kn ^ for some 82 > 0, for all e E ^ „ n Sp+i- 
In the same way, we also give estimates for the integral 


h = 


k 2 


j J ujl^^{u,m,e)e e^^'^—dm 


(27r)V2 J_^ 


Pi/, ft/2,7p 


Namely, the direction 7 ^ (which depends on et) is chosen in such a way that cos(A; 2 ( 7 p — 
arg(et))) > di, for all e G £p (1 Sp+i, all t G T-, for some fixed Ji > 0 . Again from the esti¬ 
mates (jl87p and following the same steps as in (I191D . we get that 


2 k 2 C 


(192) 


1^2 


(n 

^2 ^ (27r)V2 (/J_/3/)52A:2(^)^2 -i ) 


for all t E T and |Im(z)| < /?' with \t\ < (— ko for some <52 > 0, for all e G SpCi £p+i. 

S2+id'eQ-^ 

Finally, we give upper bound estimates for the integral 


h = 


k 2 


[ [ {u,m,e)e dm 


(27r)V2 J_^ 


Pix,K/2,7p,7p+l 


By construction, the arc of circle Cp^ „/ 2 , 7 p, 7 p+i is chosen in such a way that cos(A; 2(0 —arg(et))) > 
( 5 i, for all 9 G [7p,7p+i] (if jp < jp+i), 9 G [7p+i,7p] (if 7p+i < 7p), for all t E T, all e E £pr\£p+i, 
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for some fixed (5i > 0. Bearing in mind (I187p . we get that 




:p(,.-(^„../2)'-») exp(- (^)-») 


X ex; 

/i;2(max{C' sp+i}) 


dm 


< 


‘-'i 

^2 


(27r)V2 


2/c2(max{C 5^,(7 “p+i}) 


< 


'“2 K2 I I Pv,K / j- / Pi’,k/‘^ •.kn\ 

{2.y/Hl5 - 15') -l>->+i|—) ’) 


for all t E T and |Im( 2 ;)| < /3' with |t| < (— ^ for some 62 > 0, for all e E ^„ n Sp+i- 

<52+!P'eo 

Finally, gathering the three above inequalities pi9ip . pi92l) and (I193p . we deduce from the 
decomposition (11901) that 


i^p+^(t,z,e) - v°^{t,z,e)\ < 


2k2{C Up +C Op+i) 


1^2 


(27r)V2 - p>)s^k2{^f^ 

2A:2(max{C' np^C >+i}) 


exp(-J2 




1^2 


)+ 


-l> - >+il^ exp(-fe(^)'-) 

for all t E T and |Im( 2 ;)| < /3' with |t| < for some (52 > 0, for all e E fp n £p+i. 

Therefore, the inequality pi83l) holds. 


In the last part of the proof, we show the estimates (|184ll . Again, we only describe the 
arguments for the functions since exactly the same analysis can be made for the forcing 
term /®p using the estimates (I177p and pi78p instead of pi87p and pi89l) . 

Let 0 < p < ? — 1 such that f/jp H C4p+i = 0- We first consider the following 

Lemma 7 There exist two constants K^, > 0 such that 


(194) 


iA€cjs.( 7 r‘ 


) {r, m, e) - Acc®^ (a;®(’) (r, m, e) 1 < 


M-^ 


for all e E Tp+i n £p, all t E n Sdp,k,Sp,pv^k.! oil m 


Proof We first notice that the functions r 1 —)• a;^^(T, m,e) and r 1 —)• (r, m, e) are analytic 

continuations of the common Borel transform a;fcj(T,m,e) = '^n>iUn{m,e)T'^/V{n/ki) 

which defines a continuous function on Z1(0, p) xMxZl(0, eo), holomorphic w.r.t (t, e) onZl(0,p)x 
11(0, eo) for any m E M with estimates : there exists a constant > 0 with 

(195) <a,^(l + |m|)-^e-/'H_J^eH-l^ 

for all r E 11(0, p), all m E M, all e E 11(0, eo). From the proof of Proposition 13, we know 
that the function G(t,/ i) is holomorphic w.r.t (r,/i) E whenever r//i belongs to an open 
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unbounded sector with direction d = 0 and aperture tt/k. As a result, the integral of the function 
h ^ uJki{h,m,e)G{T,h)/h, for all (m,e) G RxD{0,eo), all r G along 

the union of a segment starting from 0 to (p/2)e*"’'p+i, an arc of circle with radius p/2 which 
connects (p/2)e*"’'p+i and (p/2)e*'^p and a segment starting from {p/2)e^'^p to 0, is equal to zero. 
Therefore, we can write the difference — Acc^^ ^ three integrals 


(196) AccJ+\ (u;J+')(r, m, e) - Acc"^_^^ (Wfc(')(r, m, e) 

= / ‘^ll'^\h,m,e)G{T,h)^ - f ujll(h,m,e)G(T,h)^ 




+ 


dh 


/ uJk^{h,m,e)G{T,h)^ 


T/2.7p,7p+i 


where = [/o/2,+oo)e*'^p+i, Tp/2,71 = [/o/2,+oo)e*'^r' and C'p/2,71,71^^ is an arc of circle 

with radius p/2 connecting {p/2)e^'^p and {p/2)e'‘'^p+^ with a well chosen orientation. 

We give estimates for the quantity 

I^ = 


f = \ [ Wfcf ^ {h, m, e)G{T, h)^\. 

‘^p/2.7T 1 


P+1 

From the estimates (11161) and (|189l) . we get that 

r-\-00 J, rp 

(197) P< d'.«(l + |m|)-7-'’H,^^e-^-c,exp(-C2(p|)'‘)- 
Jp/2 i + r i \T\ r 

< (1 + 


r*+cxD 


(c2 — |r|'^z/)Kr'^ ^ 


Ip /2 (C2 - |r|«i7)K(p/2) 


K,— l 


X exp(—(c2 — |t|^z/)(—)^)( ir 

h" 


< cCSr (1 + IH)-'‘e-«H__^h_e,p(_fe(l - G)('A)7) 


for all e G £p+i (d £p, all r G n all m G M. 

In the same way, we also give estimates for the integral 


jA _ 

Jo — 


■^p/2,7p 


ull{h,m,e)G{T, h)^ 


Namely, from the estimates (|116p and (|189p . following the same steps as above in (I197p . we get 
that 


(198) it < ciG\ (1 + |m|)-^e-^l™l 


—-exp(-(c2(l - ^)(^)'')) 

C2(l - 2 ^)k(p/ 2 )«^-i 2«^ |r| 


for all e G £p+i n £p, all r G 5a^_^i,K,5p+i,p,,« n all m G M. 














62 


Finally, we give upper bound estimates for the integral 


tA _ 
-'3 — 


[ u;kiih,m,e)G{T,h)^\. 


Bearing in mind ()116p and ()195p . we get that 


(199) < 1 1""*' (1 + 

< ciC™, f 1^; - 7;+il{l + exp(-(c 2 {l - ^)){^)'‘) 

for all e G £p+i n £p, all r G n all m G M. 

Finally, gathering the above inequalities pi97p . pi98p . pi99F we deduce from the decomposi¬ 
tion pi96p that 


(200) |Acc®^+)^(u;®f ')(T,m,e) - Acc®^^ ^ (a;°p(r, m, e)| 

1Hp/2)^- <=-P<-(c.(1-^)(^) )) 




+ fhj - 7;+ll(l + exp(-(Q(l - h){^T) 


for all e G £p+\ n £p, all r G 5'0j,^j,K,5p+i,pp,« n Sj,p^K,Sp,p^,^, all m G M. We conclude that the 
inequality pi94p holds. □ 

Using the analytic continuation property pi88p and the fact that the functions 
u !->■ iJlf^{u,m,e)ex.p{—{^)^‘^)/u (resp. u (Jlf^'^^{u,Tn,e)exp{—{^)^^)/u ) are holomorphic on 
5g^U50p (resp. on US^p), we can deform the straight lines of integration (resp. 
in such a way that 


(201) u^p+^{t,z,e) — vPp{t,z,e) 

k 2 /•+°° 

■ (27r)V2 J_^ 

k 2 


a;"f'(u,m,e)exp(-(|)'^2)e'"™^dm 


du 


'Pi',«/2,7p+l 


+ 


(27r)V2 

k 2 /■+°° 


J-oo Jl . U 


Pi/, ft/2,7p 


(27r)V2 J_^ Jc 

k 2 


{u, m, e) exp(-(-)^2)e*"™—dm 


Pi/,ft /2,0p^p_|_]^ 


et 


u 


/ H-oo p 
-OD J C 


+ 


(27r)V2 

k2 /■+°° f 


ujlliu, m, e) exp(-(^)^ 2 )g* 2 m^^^ 


u 


(27r)V2 J_^ Jlo^p^,^/2 , 


Pi/, ft/2,0p^p+l ,7p 

(Wfcf) (u, m, e) - AccIIj^^ ^)) 


^p,p+l 


X exp(-(-)^2)e*"”^—dm 
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-P,,„/2,7p+i = [P;.,«/2,+Oo)e'^>+l, ip,,,/2,7p = [Pi.,K/2,+(X))e'^>, Cp^,^/2,0^,p+i,7^+i 


IS 


where L 

an arc of circle with radius connecting and (pjy^K/2)e''^^'^r+i with a well 

chosen orientation, where 0p,p+i denotes the bisecting direction of the sector 5'ap_^^^K,5p+i,p„,„ H 
Sx)p,K,Sp,p^,^ and likewise Cp^^^i 2 ^Bp^p^xav circle with radius /9jy,K/2, connecting the points 

and {pi,^K/‘^)e''^^^ with a well chosen orientation and finally ,./ 2 , 6 »p p+i = 
[Q,Py^^/ 2 ]e^^P’P+\ 

Following the same lines of arguments as in the estimates (jl9ip and (I193F we get the next 
inequalities 


(202) Ji = 


k 2 


/ +00 r 

-oo J L, 


(2vr)V2 


m, e) exp(-(-)^ 2 )g*^m^^^| 


Pi',«/2,7p+l 
2 k 2 C Op+i 


et 


u 


< 


*=2 


|fc2 


(27r)V2 (/5_/3')<52fc2(^)^2 


, , (p.,J2)"=, 


J 2 = 


k 2 


r^ + CO 


du 


(2vr)i/2 J_^ 


Jd’iu, m, e) exp(-(-)^2)e*^’”—dm| 


Pi^,k/2,7p 


2 k 2 C 


\k 2 


< 


(27r)V2 (/3 - p>)S^k2{^)’^^ 


et u 

, , {p,,j 2 f\ 

— ^M-52 ) 


J3 = 


A;2 


/ + 00 p 

-oo ./ C, 


a;®^+'(u,m,e)exp(-(-)^2)e*^’”—dm| 


du 


(2vr)V2 yg. 


■^fc2 


Pt',K/2,0p^p_|_l ,7p_j_l 

2 k2C 0p_|_i 


et' 


< 




r+oo 


J4 = 


(27r)V2 y_^ y^ 


L 


Pi/,«/2,0p^p_)_l ,7p 


m, e) exp(-(^)^ 2 )g* 2 m^g^^| 
^ et u 


2 k 2 C 


< 




P^yi75iyry)l7 - exp(-fe(2^)-) 

for all t E T and |Im( 2 ;)| < /3' with |t| < (— kn , for some (5i, (52 > 0, for all e E fp n £p+i. 
In the last part of the proof, it remains to give upper bounds for the integral 

k 2 /■+°° f 


Je, — 


(27r)V2 y_^ 


" Acc®"^ m, e)) 


P+1 


, du 


X exp(-(^)^2)g*2m^^^|. 


u 


By construction, there exists (5i > 0 such that cos(A:2(0p,p+i — arg(et))) > + for all e E SpClSp-i^i, 
all t E T. From Lemma 7, we get that 


7, p + OO ppv,K,/2 j\/f^ 

(203) J5 < ^ I Kf{l + |m|)-7-0l”l exp(-^) 




letp^ p 


< 
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where 

/■Pi',k/2 Ai , fir 

(204) 

The study of estimates for J^{ei) as e tends to zero rests on the following two lemmas. 


Lemma 8 (Watson’s Lemma. Exercise 4, page 16 in |Tj) Let 6 > 0 and / : [0,6] —C 
be a continuous function having the formal expansion J2n>o^rit"' G C[[t]] as its asymptotic 
expansion of Gevrey order k > Q at 0, meaning there exist C, M > 0 such that 


N-l 


fit) - 


n=0 




for every N >1 and t G [0, <5], for some 0 < 6 < b. Then, the function 


fb 

I{x) = / f{s)e~^ds 

Jo 


admits the formal power series X)n>o ^ tts asymptotic expansion of Gevrey 

order k + 1 at 0, it is to say, there exist C,K > 0 such that 


N-l 

I{x) — ^ ann\x"'~^^ 

n=0 


< CK^+^{N + l)!^+'^|x|^+\ 


for every Ai > 0 and x G [0, 6'] for some 0 < 5' < b. 


Lemma 9 (Exercise 3, page 18 in [Tj) Let 6,q > 0, and ifi : [0,6] C be a continuous 
function. The following assertions are equivalent: 

1. There exist C,M > 0 such that [V’(a^)| < CM^n\'^\x\^, for every n G N, n > 0 and 
X G [0,6]. 

1 

2. There exist C", M' > 0 sueh that ['0(a^)| < C'e~^', for every x G (0,6]. 


We make the change of variable r^'^ 


s in the integral (120411 and we get 


Ma) = 4 / 

Jo 


1 /■(P..«/2)'== ^ ^ Si ,ds 

exp(- 7^1 exp( —■]—-7-s) —. 

gK/k2' ei fc2 ^ s 




We put V’Ap('®) ~ exp(— )/s. From Lemma 9, there exist constants C,M > 0 such that 

\iliAAs)\<CM^{n\)^\sr 


for all n > 0, all s G [0, (pi/^k/ 2)^^]. In other words, '0^,p(s) admits the null formal series 
0 G C[[s]] as asymptotic expansion of Gevrey order ^ 2 /^ on [0, (/0 i/_k/ 2)^^]. By Lemma 8, we 
deduce that the function 

p(P^,«/2)''2 

IaA^) = / V’.4,p(s)e ^ds 

Jo 
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has the formal series 6 E C[[x]] as asymptotic expansion of Gevrey order ^ + 1 = ^ on some 
segment [0,5'] with 0 < 5' < {py^K./2)^'^. Hence, using again Lemma 9, we get two constants 
C", M' > 0 with 

M' 

IaA^) < ^ exp(--^) 

for X E [0,5']. We deduce the existence of two constants Cj^ > 0, Mj^ > 0 with 


(205) 


Jbiet) < Cj^ exp( 


Mj, 


) 


for all € G Spf] fp+i, all t E T n D(0,/i_ 4 _p), for some > 0. Gathering the last inequality 
()205p and ()203p yields 


(206) 


J 5 < 


2Cj,k2K^ 


Mj, 


h^} lel^i 


for all e G £pf^ £p+i-, all t E TH I?(0, h_A^p). 

In conclusion, taking into account the above inequalities (|202p and (12061) . we deduce from 
the decomposition (|201l) that 


\u^^+^{t, z, e) — z, e)] < 

2 k 2 


2/c2(G + C vp) 




*=2 


\k 2 


exp(-52 




+ 


(27r)V2 (/3_;3')52fc2(^)"= 

(2vr)i/2(^ - /3') ~ ~ ^ exp(-52( 


ie|^2 

Pv,K/‘2‘^k2\ 


Mj, 

-13') 


for alH E T with jtj < and jtj < hj\^^p for some constants 5i,52,/i^,p > 0, jlm(z)| < 

/3', for all e E n £p+i. Therefore the inequality (11841) holds. □ 


6 Existence of formal series solutions in the complex parameter 
and asymptotic expansion in two levels 

6.1 Summable and multisummable formal series and a Ramis-Sibuya theo¬ 
rem with two levels 

In the next definitions we recall the meaning of Gevrey asymptotic expansions for holomorphic 
functions and A;—summability. We also give the signification of (/c 2 , fci)—summability for power 
series in a Banach space, as described in [T]. 

Definition 9 Let (E, jj.jjE) be a complex Banach space and let £ he a bounded open sector 
centered at 0. Let k > 0 be a positive real number. We say that a holomorphic function 
/ : T —>• E admits a formal power series /(e) = ^ ®'[H] asymptotic expansion 

of Gevrey order 1/k if, for any closed proper subsector W C £ centered at 0, there exist C,M > 0 
with 

N-l 

\\f{e) - ane^lk < CM^iN\y/’^\e\^ 

n=0 


( 207 ) 
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for all N > 1, all € £ W. 

If moreover the aperture of £ is larger than f + <5 for some > 0, then the function f is the 
unique holomorphic function on £ satisfying \201^ . In that case, we say that f is k—summable 
on £ and that f defines its k—sum on £. In addition, the function f can be reconstructed from 
the analytic continuation of the ki—Borel transform 

^kif{T) = I n N 

n>0 

on an unbounded sector and by applying a ki—Laplace transform to it, see Section 3.2 from m- 

Definition 10 Let (E, ||.||e) be a complex Banach space and let 0 < ki < k 2 be two positive real 
numbers. Let £ be a bounded open sector centered at 0 with aperture ^ + 62 for some 62 > 0 
and let T be a bounded open sector centered at 0 with aperture ^ + <5i for some > 0 such that 
the inclusion £ G J- holds. 

A formal power series /(e) = ^ {k 2 ,ki) — summable on £ if 

there exist a formal series / 2 (e) G E[[e]] which is k 2 —summable on £ with k 2 —sum /2 : —5- E 

and a second formal series /i(e) € E[[e]] which is ki — summable on T with ki—sum /i : —)■ E 

such that / = /i + / 2 - Furthermore, the holomorphic function /(e) = /i(e) + / 2 (e) defined on £ is 
called the {k 2 ,ki)—sum of f on £. In that case, the function /(e) can be reconstructed from the 
analytic continuation of the ki—Borel transform of f by applying successively some acceleration 
operator and Laplace transform of order k 2 , see Section 6.1 from W- 

In this section, we state a version of the classical Ramis-Sibuya theorem (see m, Theorem 
XI-2-3) with two different Gevrey levels which describes also the case when multisummability 
holds on some sector. We mention that a similar multi-level version of the Ramis-Sibuya theorem 
has already been stated in the manuscript [32] and also in a former work of the authors, see m- 

Theorem (RS) Let 0 < fci < A ;2 be positive real numbers. Let (E, ||.||e) be a Banach space 
over C and {Ti}o<j<j/-i be a good covering in C*, see Definition 7. For all 0 < i — 1, 

let Gi be a holomorphic function from £i into the Banach space (E, ||.||e) and let the cocycle 

Aj(e) = Gj+i(e) — Gi{e) be a holomorphic function from the sector Zi = n £i into E (with 
the convention that £ 1 , = £0 and Gy = Go). We make the following assumptions. 

1) The functions Gj(e) are bounded as e £ £i tends to the origin in C, for all 0 < i < — 1. 

2) For some finite subset R C {0,... z^—1} and for all i £ Ii, the functions Aj(e) are exponentially 
flat on Zi of order ki, for all 0 < z < z^ — 1. This means that there exist constants Ki,Mi > 0 
such that 

(208) ||Ai(e)||E < Riexp(-|^) 
for all e £ Zi. 

3) For all i £ I 2 = {0,... , z/ — 1} \ Ji, the functions Aj(e) are exponentially flat of order k 2 on 
Zi, for all 0 < z < z^ — 1. This means that there exist constants Ki,Mi > 0 such that 

(209) ||Ai(e)||E < Riexp(--^) 


for all e £ Zi. 
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Then, there exist a convergent power series a(e) G IE{e} near e = 0 and two formal series 
G^(e),G^(e) G IE[[e]] such that Gi{e) owns the following decomposition 

(210) Gj(e) = a(e) + (e) + (e) 

where G^(e) is holomorphic on £i and has G^(e) as asymptotic expansion of Gevrey order 1/ki 
on Si, G?(e) is holomorphic on Si and carries G^(e) as asymptotic expansion of Gevrey order 
l//c 2 on Si, for all 0 < i < z/ — 1. 

Assume moreover that some integer zq G I 2 is such that hi, 10,62 = {^0 ~ • • • Go) • • • Go + 

82 } C I 2 for some integers 5i,52 > 0 and with the property that 


( 211 ) 


Sio c S, 


■/ki 


C U 

Go '*^2 


where is a sector centered at 0 with aperture a bit larger than vr/Zci. Then, the formal 

series G(e) is (A: 2 ,/ci)—summable on Si^ and its (A: 2 ,/ci)—sum is Gip(e) on Tjg. 


Proof We consider two holomorphic cocycles A)^(e) and A^(e) defined on the sectors Zi in the 
following way: 


A}( 


Aj(e) if z G /i 
0 if z G /2 


A? (6) 


0 if z G /i 

Aj(e) if z G /2 


for all e G .^i, all 0 < z < zz — 1. We need the following lemma. 


Lemma 10 1) For all 0 < i < u — 1, there exist bounded holomorphic functions Tl : Tj —)■ C 
such that 


(212) aKG = tJ+gG - 

for all e G Zi, where by convention 'I'),(e) = 'l'o(e). Moreover, there exist coefficients G E, 
m> 0, such that for each 0 < I < 12 — 1 and any closed proper subsector W C Si, centered at 0, 
there exist two constants Ki, Mi > 0 with 

M-l 

(213) W^lie) - Y, Fink < ^z(Mz)'^(M!)iGi|e|A^ 

m=0 

for all € G W, all M >1. 

2) For all 0 < i < 12 — 1, there exist bounded holomorphic functions T? : Tj —)■ C such that 

(214) AG6) = T2^Ge)-'I^?(e) 

for all e G Zi, where by convention T^(e) = 'lZg(e). Moreover, there exist coefficients (p^ G E, 
m>Q, such that for each 0 < I < 12 — 1 and any closed proper subsector W C Si, centered at 0, 
there exist two constants Ki,Mi >0 with 

M-l 

(215) llT^e) - Fink < KiiMiniM'Y’^fel^ 

m=0 


for all e G W, all M >1. 
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Proof The proof is a consequence of Lemma XI-2-6 from m which provides the so-called 
classical Ramis-Sibuya theorem in Gevrey classes. □ 

We consider now the bounded holomorphic functions 

a,(e) = G,(e)-TKe)-T2(e) 

for all 0 < i — 1, all e G Tj. By definition, for i £ Ii or i £ I 2 , we have that 

Oi+i(e) — cii{e) = Gj+i(e) — Gi{e) — A]^(e) — A^(e) = Gi+i(e) — Gi{e) — Aj(e) = 0 

for all e G Zi. Therefore, each ai{e) is the restriction on Tj of a holomorphic function a(e) on 
D{0,r) \ {0}. Since a(e) is moreover bounded on D{0,r) \ {0}, the origin turns out to be a 
removable singularity for a(e) which, as a consequence, defines a convergent power series on 
D{0, r). 

Finally, one can write the following decomposition 

Gi{e) = a{e) + (e) + (e) 

for all e G Tj, all 0 < z < z/ — 1. Moreover, a(e) is a convergent power series and from (|213p 
we know that 'f'i(e) has the series G^(e) = asymptotic expansion of Gevrey 

order 1/ki on Tj and due to (I215p 'l'f(e) carries the series G^(e) = asymptotic 

expansion of Gevrey order l/k 2 on Si, for all 0 < z < z/ — 1. Therefore, the decomposition (|21Up 
holds. 

Assume now that some integer zq G I 2 is such that 10,82 = {* 0 ~• • • AOj ■ ■ ■ )fo + <52} C I 2 
for some integers 5i,52 >0 and with the property (12111) . Then, in the decomposition (12101) . we 
observe from the construction above that the function can be analytically continued on 

the sector S’^r/zci and has the formal series G^(e) as asymptotic expansion of Gevrey order 1/ki 
on (this is the consequence of the fact that Ajj(e) = 0 for /z G 151 , 10 , 52 )- Hence, Gj^^e) is 

the fci—sum of G^(e) on in the sense of Definition 9. Moreover, we already know that the 

function Gf^(e) has G^(e) as asymptotic expansion of Gevrey order 1/^2 on meaning that 
is the A: 2 ~sum of G^(e) on In other words, by Definition 10, the formal series G(e) is 
(^ 2 ,/ci)—summable on Tjg and its (/i; 2 ,/ci)—sum is the function Gio{e) = a{e) + ^io(^) + 
on Sio. □ 

6.2 Construction of formal power series solutions in the complex parameter 
with two levels of asymptotics 

In this subsection, we establish the second main result of our work, namely the existence of 
a formal power series u{t,z,e) in the parameter e whose coefficients are bounded holomorphic 
functions on the product of a sector with small radius centered at 0 and a strip in C^, that 
is a solution of the equation (|216p and which is the common Gevrey asymptotic expansion of 
order 1/ki of the actual solutions vS^{t,z,e) of (jl75p constructed in Theorem 1. Furthermore, 
this formal series it and the corresponding functions own a fine structure which involves two 
levels of Gevrey asymptotics. 

We first start by showing that the forcing terms f^p {t, z, e) share a common formal power series 
f{t,z,e) in e as asymptotic expansion of Gevrey order 1/ki on Sp. 
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Lemma 11 Let us assume that the hypotheses of Theorem 1 hold. Then, there exists a formal 
power series 

f{t,z,e) = ^ fm{t,z)e^/m\ 
m>0 

whose coefficients fm{t,z) belong to the Banach space F of bounded holomorphic functions on 
{T n D(0,h")) X Hpi equipped with supremum norm, where h" > Q is constructed in Theorem 
1, which is the common asymptotic expansion of Gevrey order \/k\ on £p of the functions f^p, 
seen as holomorphic functions from £p into F, for all 0 < p < g — 1. 

Proof We consider the family of functions f^^{t, z,€), 0 < p < <; — 1 constructed in (|180p . For 
all 0 < p < ? — 1, we define Gp{e) := {t, z) P^{t, z, e), which is by construction a holomorphic 
and bounded function from £p into the Banach space F of bounded holomorphic functions on 
(T n D{0, h")) X Hgi equipped with the supremum norm, where T is introduced in Definition 8 
and h" > 0 is set in Theorem 1. 

Bearing in mind the estimates (11831) and (|184D and from the fact that /c 2 > ki, we see 
in particular that the cocycle 0p(e) = Gp_,_]^(e) — Gp{e) is exponentially flat of order ki on 
Zp = £pri £p+i, for all 0 < p < ? — 1. 

From the Theorem (RS) stated above in Section 6.1, we deduce the existence of a convergent 
power series a'^(e) G F{e} and a formal series G F[[e]] such that Gp{e) owns the following 

decomposition 

where Gp^ (e) is holomorphic on £p and has as its asymptotic expansion of Gevrey order 

l/ki on £p, We define 


f{t, z,e) = '^ fmit, z)e"^fml := o^(e) + 


The second main result of this work can be stated as follows. 

Theorem 2 a) Let us assume that the hypotheses of Theorem 1 hold. Then, there exists a 
formal power series 

u{t,z,e) = ^ hm{t,z)e'^/ml 

m>0 

solution of the equation 

(216) Q{dz){dtu{t,z,e)) = ci^ 2 {(-){Qi{dz)u{t,z,e)){Q 2 {dz)u{t,z,e)) 

D-l 

+ e) + ^ df^Ri{dz)u{t, z, e) 

i=i 

+ co{t, z, e)Ro{dz)u(t, z, e) + CF{e)f{t,z,e) 

whose coefficients hm{t,z) belong to the Banach space F of bounded holomorphic functions on 
(T n D{0,h")) X Hgi equipped with supremum norm, where h" > 0 is constructed in Theorem 
1 , which is the common asymptotic expansion of Gevrey order 1/ki on £p of the functions , 
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seen as holomorphic functions from Sp into F, for all < p < Additionally, the formal 

series can be decomposed into a sum of three terms 

u{t, z, e) = a{t, z, e) + ui{t, z, e) + U 2 {t, z, e) 

where a{t,z,e) G F{e} is a convergent series near e = 0 and ui{t,z,e), U 2 {t,z,e) belong to F[[e]] 
with the property that, accordingly, the function shares a similar decomposition 

{t, z,e) = a{t,z,e) + (t,z,e) + (t,z,e) 

where e u^^ft, z, e) is a ¥—valued function owning ui{t, z, e) as asymptotic expansion of Gevrey 
order 1 /ki on Sp and where e uf’{t,z,e) is a ¥—valued function owning U 2 {t,z,e) as asymp¬ 
totic expansion of Gevrey order l//c 2 on Sp, for all Q <p < <; — 1. 

b) We make now the further assumption completing the four properties described in Definition 
8 that the good covering {fp}o<p<<;-i ond that the family of unbounded sectors {t7i)p}o<p<?-i 
satisfy the following property: 

5) There exist 0 < po <<; — I and two integers 81,82 > 0 such that for all p € 75i,po,<52 = 
{po~<5i, ■ ■ ■ ,Po, ■ ■ ■ ,Po + 82 }, the unbounded sectors are such that the intersection 
contains the sector = {r G C*/arg(r) G [Dp, t)p+i]} and such that 

SpQ c c u Sh 

hGlSi,pQ,S2 

where is a sector centered at 0 with aperture slightly larger than Tr/ki. 

Then, the formal series u{t,z,e) is {k 2 ,ki) — summable on Sp^ and its {k 2 ,ki)—sum is given by 
u^po {t,z,e). 

Proof We consider the family of functions u^p{t, z,€), 0 < p < ? — 1 constructed in Theorem 
1. For all 0 < p < ? — 1, we define Gp(e) := {t,z) u^p{t,z,e), which is by construction a 

holomorphic and bounded function from £p into the Banach space F of bounded holomorphic 
functions on (TH D{t), h")) x Hpi equipped with the supremum norm, where T is introduced in 
Definition 8, h” > 0 is set in Theorem 1 and /3' > 0 is the width of the strip Hp/ on which the 
coefficient co(t, z, e) and the forcing term f^p{t, z, e) are defined with respect to z, see (11761) and 
(fMUl . 

Bearing in mind the estimates (11881) and (|184p we see that the cocycle 0p(e) = Gp+i(e)—Gp(e) 
is exponentially flat of order k 2 on Zp = Tp n Tp+i, for all p G I 2 C {0,— 1} such that 
the intersection n IFop+i contains the sector and is exponentially flat of order ki on 

Zp = SpG £p+i, for all p G Ii C {0,— 1} such that the intersection 74^ n U^p^^ is empty. 

From the Theorem (RS) stated above in Section 6.1, we deduce the existence of a convergent 
power series a(e) G F{e} and two formal series G^{e),CP‘{e) G F[[e]] such that Gp(e) owns the 
following decomposition 

Gp{e) = a(e) + Gp(e) + Gp(e) 

where G'p(e) is holomorphic on £p and has G^{e) as its asymptotic expansion of Gevrey order 
1 /ki on £p, Gp{e) is holomorphic on £p and carries &{e) as its asymptotic expansion of Gevrey 
order 1/7:2 on £p, for all 0 < p < — 1. We set 

u{t, z,e) = ^ hm{t, z)e^lm\ := a(e) + G'^(e) + G?‘{e). 

m>0 
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This yields the first part a) of Theorem 2. 

Furthermore, under the assumption b) 5) described above, the Theorem (RS) claims that the 
formal series G(e) = a(e) + G^(e) + &{e) is (^ 2 , fei)—summable on 8 p^ and that its {k 2 , fci)—sum 
is given by Gp^{e). 

It remains to show that the formal series u{t,z,e) solves the main equation (I216p . Since 
M®p(t,z,e) (resp. f^p{t,z,e) ) has u{t,z,e) (resp. f{t,z,e)) as its asymptotic expansion of 
Gevrey order 1 /ki on £p, we have in particular that 

(217) lim sup \d'^u^p{t, z,e) — hmit, z)\ = 0, 

e^0,e&£p t£TnD{0,h"),zeHp, 

lim sup z, e) - fm{t, z)| = 0, 

nD{0,h"),z&Hpi 


for all 0 < p < ? — 1, all m > 0. Now, we choose some p G {0,... — 1}. By construction, 

the function u^p{t,z,e) is a solution of ()175p . We take the derivative of order m > 0 w.r.t e 
on the left and right handside of the equation (|175p . From the Leibniz rule, we deduce that 
d^vpp{t, z,€) verifies the following equation 


(218) Qid,)dtdTu^Pit,z,e)= 


ml 


mi +m2 +m3 =m 


milm 2 lrn^\ 


dr Cl,2(e) {Qi(d,)drr^(t,z,e)) 


X {Q 2 id,)drr^(t,z,e)) + ^ _^grni^^fe-i)(fc2+i)-5o+i)^(5o-i)(fc2+i) 

mi+m 2 =m 
D-1 


mi\m 2 ^- 


rrRD(d.)drrpit,z,e) + ^( 


ml 


+ E 

mi+m 2 =m 


l=l miH-m2=m 

ml 


milm 2 l 


drie^‘)t^‘dpRiid,)drrnt,z,e)) 


mi\m 2 l 


drcQ(t,z,e)Ro(dz)drr^ (t,z,e) 


+ E zrlETarcFW8r/”'(t.^,f) 

mi+m 2 =m 


mi!m2! 


for all m > 0, all (t, z, e) G (T n D(0, h")) x Hpi x £p. If we let e tend to zero in ()218l) and if we 
use (mzD, we get the recursion 


(219) 

Q{dz)dthm(t,z) = Y] —- Adrci,2)i^) iQiidz)hm2(t, z)) (Q2idz)hm3it, z)) 

miimoim'ii 

mi+m 2 +rr 23 =m 

+ („ - ((fo - 1)(^ + 1) - fo + 

D-1 , , 

+ X] 7— A iY df'Ri(dz)hm-A,{t,z) + Y 7’ , (^r^co)(t, z, 0 )Roid^)hm 2 (t, z) 

(m —A/)! milmo! 

^=1 ^ mi-\-m2=m 

miimol 

mi+m2=m 


for all m > maxi<;<£)_i{A;, ( 6 d — 1)(^2 + 1) — <5d + 1}, all (L 2 ) G (T n D{0, h")) x Since 
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the functions ci^ 2 (e)) co{t,z,e) and Ci?(e) are analytic w.r.t e at 0, we know that 




for all e E D(0,eo), all z E Hp/. On other hand, one can check by direct inspection from 
the recursion (12191) and the expansions (1220^ that the series u{t,z,€) = Ylm>o^rn{t, z)e'^/ml 


formally solves the equation (12161) . 


□ 


7 Application. Construction of analytic and formal solutions 
in a complex parameter of a nonlinear initial value Cauchy 
problem with analytic coefficients and forcing term near the 


origin in 


In this section, we give sufficient conditions on the forcing term F{T, m, e) for the functions 
M®p(t,z,e) and its corresponding formal power series expansion u{t,z,e) w.r.t e constructed in 
Theorem 1 and Theorem 2 to solve a nonlinear problem with holomorphic coefficients and forcing 
term near the origin given by (12641) . 

7.1 A linear convolution initial value problem satisfied by the formal forcing 
term F{T, m, e) 

Let /ci > 1 be the integer defined above in Section 5 and let D > 2 be an integer. For 1 < / < D, 
let di,Si,A.i > 0 be nonnegative integers. We assume that 


( 221 ) 


1 = , Si < ^z+i 


for all 1 < Z < D — 1. We make also the assumption that 

(222) do = (^D —l)(^l+l) , d; > (5; —l)(/ci + l) , A;—d;+5; —1>0 , AD = dD—^D + 1 
for all 1 < / < D - 1. Let Q(A),Ri(X) E C[X], 0 < / < D, be polynomials such that 


(223) 


deg(Q) > deg(RD) > deg(Rz) , Q{im) / 0 , Kr>{im) / 0 


for all m E M, all 0 < / < D — 1. Let /?,//> 0 be the integers defined above in Section 5. We 
consider sequences of functions m i-)- Co,n("Z') e), for all n > 0 and m e-)- F„(m, e), for all n > 1, 
that belong to the Banach space and which depend holomorphically on e E D{0, eo). We 

assume that there exist constants Kq, Tq > 0 such that 


(224) 



for all n > 1, for all e E i4(0, cq). We define 



n>l 


n>l 
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which are convergent series on D{Q,Tq/2) with values in Let co(e), co,o(e) and CF(e) be 

bounded holomorphic functions on D(0, cq) which vanish at the origin e = 0. 

We make the assumption that the formal series F{T,m,e) = ■, where the 

coefficients Fn{m,e) are defined after the problem (|175p in Section 5 satisfies the next linear 
initial value problem 


D 


(225) Q{im){dTF{T,m,e)) = F{T,m,e) 

^-1 co(e) 


1=1 

P+OO 


+ e' 


00 ( 7 ", m — mi, e)Ro(imi)F(T, mi, e)dmi 


(27r)V2 

c fel /■+°° 

+ 1/2 J Co,o(m-- mi,e)Ro(imi)F(r,mi,e)(imi + e“^CF(e)F(T,m,e) 


for given initial data F(0, m, e) = 0. 

The existence and uniqueness of the formal power series solution of (12251) is ensured by the 
following 


Proposition 17 There exists a unique formal series 

F{T,m,e) = Y,Fn{m,e)T^ 

n>l 

solution of I1225\) with initial data F{0,m,e) = 0, where the coefficients m i->- Fn{m,e) belong to 
^ given above and depend holomorphically on e in 71(0, eo). 


Proof From Proposition 4, we get that the coefficients Fn{m,e) of F{T,m,e) are well defined, 
belong to for all e E 71(0, cq), all n > 1 and satisfy the following recursion relation 


(226) (n +l)Fn+i(m,e) 


D 

E 


+ 


^ Q(im) 

E 


- d; - j)) F^+s^-dfm, e) 


e ^co(e) 

Q{im) ^ (27r)^/2 J_ 

^ ni+n2=R,ni>l,n2>l ^ ^ 


r*+cxD 


+ 


Co,ni(m - mi,e)Ro(imi)F„2(mi,e)i7mi 

e“^CF(e). 


(27r 

for all n > maxi<KD d/. 


\ f Cofi{m-mi,e)'Ro{imi)Fn{mi,e)dmi + ^—^^^Fn{m,e) 
7r)V^Q(zm) 7_oo Q(^m) 


□ 


7.2 Analytic solutions for an auxiliary linear convolution problem resulting 
from a Borel transform applied to the linear initial value convolution 
problem 

Using the formula (8.7) from [31], p. 3630, we can expand the operators form 

(227) Asi,pT'^^^^^-P\T’^^+^dTy 
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where p = 1, ■ ■ ■ ,Si — 1 are real numbers, for all 1 < / < D. We define integers > 0 

to satisfy 

(228) d; + A:i + 1 = Si{ki + 1) + 

for all 1 < Z < D. Multiplying the equation (I225p by and using (I227p . ()228p we can rewrite 

the equation ()225l) in the form 

(229) Q(im)(r^i+^9rF(r,m,e)) 

D 

i=i 

J Co(r,m - mi,e)Ro(imi)F(T,mi,e)fimi 
f Co,o(m - mi,e)Ro(imi)F(T,mi,e)dmi + e“^CF(e)T*'i+^F(r, m, e) 

(27r)V^ J_^ 

As above, we denote '0fc^(r,m,e) the formal rrifc^—Borel transform of F{T,m,e) w.r.t T and 
(Pf.j^{T,m,e) the formal rrifc^—Borel transform of Co(T,m,e) with respect to T and rpj^^{T,m,e) 
the formal Borel transform of F(r, m,e) w.r.t T, 

V’fci(r,m,e) = ^FH(m,e)—^ , (^^^(r, m, e) = ^ Co,n(m, 

n>l n>l 

n>l 

Using (IMl) we get that (^fc^(r,m,e) € and ^fc^(r,m,e) € for all 

e G F(0,eo), for all the unbounded sectors 74^ centered at 0 and bisecting direction t)p G M 
introduced in Definition 8, for some v > 0. Indeed, we have that 


(230) 


t&D{ 0 ,p)UU^p 


n>l 


TGD{0,p)UUi)p 


1 I \^\2ki I in 

1 + 


r(^. 




n>l 


T 


By using the classical estimates (|79ll and the Stirling formula r(n/A:i) ~ (27r)^/^(n/fci)''i Zg-n/fci 
as n tends to +oo, we get two constants Ai, A 2 > 0 depending on u, ki such that 


(231) sup 

tGD{0,p)UUt,p 


1 + |r 


2k\ 


exp(-i/|T|^i)-i^ < sup(l + x‘^)x '“i 

^1 ^(fcil a;>0 ^(fci/ 


71 — 1 n —1 n —1 71 — 1 / n —1 1 o /n —1 1 o^ 

^ + (-— + -)^+2e-(^+2) ) /r(nAi) < A^As)^ 

jy r\,\ ly Ki\ ly 
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for all n > 1, all e G -D(0, eo). Therefore if A 2 < Tq holds, we get the estimates 

A 1 A 2 K 0 1 

n>l 


(232) < Ai ^ ||Co,n(m, e)||(^,^)(A2)'^ < 


To 1-#’ 


To 




n>l 


A 1 A 2 K 0 1 
^^0 1 -^ 


for all e G D{0, eo). 

Observe that do, = 0. Using the computation rules for the formal Borel transform 
in Proposition 8, we deduce the following equation satisfied by V’fci (t, m, e), 

(233) Q{im){kiT^^'il)ki{T,m,e)) = RD(im) (r, m, e) 




M 


1<P<^D-1 


r(5D -p) 


_ s).5o-p-i (fePsPV’fci(s'/"Sm,e)) 

• fcl 

k,k 

ki 


tl \ r(%^) Jo 




,Ai—d;+<5i —1_ 


pfci 




r(% + ‘5/-p)-/o 


+ e 


-1 


rkl 


r(i + ^) 


r^l 

_ s)Vfci 


(A:fs^V'fcl(s^'^^^m-,e))y 


co(e) 

-s 


(27r)^/2 


((s - - mi,e)Ro(imi)V’fci(T^/^Smi,e)-— ^-—dxdmi] — 

0 J -00 {s-x)x J s 



+ e 


-1 


r(i + i) Jo 


p/ci _ / \ p +00 T 

rr / ^o°’u/2 ( / Co,o(w--mi,e)Ro(imi)V^fci(s^'^^Sm-i,e)(imi) — 

:)-) Jo (27r)V^ J_oo s 


pfci 


+ e CF(e) 


m + ir) 




ds 


We make the additional assumption that there exists an unbounded sector 

5'q,Rd = {ze C/\z\ > rQ,R^ , |arg(z) - dQ.R^I < Vq,b.j^} 
with direction dQ,RD £ aperture ??q,Rd > 0 for some radius tq^r^ > 0 such that 

Q(im) 


(234) 


G *S'q,Rd 


RD(im.) 

for all m G M. We factorize the polynomial Pm(T) = Q{im)ki — RD(im)/cf°r(^D”^)^i 
form 


(235) 
where 

(236) qz(m) = ( 


Pm(T) =-RD(^m-)A;f°n[f^° \r-qi(m)) 

<5d —1 

Q{im 


|RD(ir?7.)|/c^ 


i ^ ii 

RD(im)/cf°“^ (<5 d - l)fci (^D - 1)^1 


X exp(\/—l(arg( 
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for all 0 < / < (^D — 1)^1 — 1, all m G M. 

We choose the family of unbounded sectors centered at 0, a small closed disc D{0,p) 
(introduced in Definition 8) and we prescribe the sector in such a way that the following 

conditions hold. 

1) There exists a constant Mi > 0 such that 

(237) |r - q;(m)| > Mi(l + |t|) 

for all 0 < / < (^D — 1)^1 — 1, all m G M, all r G U D{0, p), for all 0 < p < ? — 1. 

2) There exists a constant M 2 > 0 such that 

(238) |t - q/o(m)| > M2|qio(m)| 

for some Zq G {0,..., (<5d — l)A^i — 1}, all m G M, all r G U D{0, p), for all 0 < p < ? — 1. 

By construction of the roots (I236p in the factorization (|235p and using the lower bound 
estimates (|237p . (I238p . we get a constant Cp > 0 such that 


(239) |P^(t)| > M)' 


(5e) —l)fcl —1 


M2|RD(*?7i)|A:f’ 


|Q(im)| 


|Rd(^ut,)|A;^’ 


_) (<5d- 1)'=1 (1 + |T-|)('5D-l)fcl-l 






-(?’Q,Rd)'‘^d~^’''i |RD(*m-)| 


(/.5D-l)(5j3-l)fci 

(1 + X*^l) 




for all T G U D{0, p), all m G M, all 0 < p < ? — 1. 

In the next proposition, we give sufficient conditions under which the equation (|233D has a 
solution V'fcj ('T') e) ia the Banach space ^ where (3, p are defined above. 

Proposition 18 Under the assumption that 

(240) + ■;— 

h 

for all I < I < D — 1, there exist a radius > 0, a constant v > 0 and constants 

> 0 (depending on fci, Cp, p, p, eo, Rz, A/, /or 0 < / < Dj such that 

if 


co(e) 


(241) sup 

eeD{0,eo) ^ 


^ ‘JljO ) I IV^Zci ^T)I l(i/,/3,/.4,Zci,fci) — ‘»1) 
co,o(e) 


sup 

eSD(0,eo) 


< <?0,0 , ||Co,o("iT)l|(/3,it) < <?0, 

CF(e) 


sup 
teD(0,eo) ^ 




for all e G D{0, cq), the equation i2cid\) has a unique solution m, e) in the space F(f p ^ 

with the property that ||V^fc(’(T, m, e)| < v, for all e G D(0,eo), where I3,p > 0 are 

defined above, for any unbounded sector and disc D{0,p) that satisfy the constraints 
), for all 0 < p < g — 1. 
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Proof The proof will follow the same lines of arguments as in Proposition 14. We give a thorough 
treatment of it only for the sake of completeness. 

We begin with a lemma which provides appropriate conditions in order to apply a fixed point 
theorem. 


Lemma 12 One can choose the constant > 0, a constant v small enough and constants 

> 0 (depending on fci, Cp,/x, z/, eo, Rz, A^, d/, d; /or 0 < / < Dj such that 
if i241\l holds for all e G 11(0, eo), the map defined by 


(242) H^i(uz(T,m)) 
RD(fm,) 






/ (r'^i - s)^^-P-\k^sPw{s^/^\m)) — 

Jo 

I — 


D-1 

+ E 

z=i 


'R-ijim) 

Pm/r) 


Ai-d;+5;-l_ 


r(^) -^0 




^- - - r - s)^^^^~^~\kiPsPw{s^/’^\m))—'] 

r{^ + Si-p)Jo W 


+ e 


ki 

-1 




P^(r)r(l + i) Jo 


co(e) 

(27r)V2' 


S P + OO 


0 J —oo 


ds 


‘Pfci (('S “ m — 777-1 , e)Ro(77771 )7(;(x^/^^ j "^ 1)7 - :—dxdmi 

[s — x)x j s 


+e 


-1 


1 / \ /*-rOO J 

( / Co, 0 ( 777 - 7771 , e)Ro(7777i)7o(s^/^S 777i)d777l) — 

( 27 r)V^ /_oo S 

ds 


P™(r)r(i + ^)yo 


+ e-icF(e)--p- r (r^i-s)i/^i7/7.(si/^i,m,e)- 

^P™(r)r(l + ^) io ^ 


satisfies the next properties. 
i) The following inclusion holds 

(243) 


H^(R(0,77)) cR(0,77) 


where 71(0, 77 ) is the closed hall of radius v > 0 centered at 0 in ^ for all e G 71(0, cq). 
ii) We have 


(244) 


IlHg (7O1) Hg (7772)11 (y,/3,n,A:i,A:i) — 2ll'^7 70211 ,Zcj) 

for all wi,W 2 G .6(0, v), for all e G 6(0, eo). 


Proof We first check the property (j243p . Let e G 6(0, eo) and w{T,m) be in We 

take <Jo, 0 ) “JO) “Jii ‘Ji.Oj “Jf, ^2 > 0 and 77 > 0 such that | |777(r, 777)| < v and (|241ll hold for 

all e G 6(0, eo). 

Due to ()239p . for 1 < p < <5 d — 1 and by means of Proposition 5 (take the particular case 
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5^ = D{Q,p), Sd = Ui 3 and k = ki), we deduce 


(245) 


1 


rH 


ds, 


Pm(r) 

<- 


p ^{klsPw{s^/’^\m)) — \\^^^p^^^kuki) 


\^Sj:,,p\kiCQ II ^ ^11 

- 1 \\w{t, 

r(^D -p)C'p(rQ,Rj3)(‘5D-i)'=i 

124^0,^1^1^6 


< 


r(<5D -p)C'p(rQ,Rj3)(‘5D-l)'=l 


-V 


For all 1 < / < D — 1, by means of Proposition 5 as above and under the constraint i iZ4Uii . we 
have 


(246) 


' Pm(r) ' 


:A.l-dl+Sl-l _ 


1 


Y^^hhi. 


rT-^ ai^k^ J„ 

Jo s 


ki 


< 


kt^Ce 


r(4;f)Cp(rQ,R,)(^o-i)'=i 

< 


|g|Ai di+Si 1 g^p \\w{T,m)\\^^^p^f,^kiM) 


msK |RD(*m-) 

— --_ A,-d,+*,-. 

r(Sgi.)Cp(rQ,R„)5’H^ "■« |Rd(™)| 


and 

(247) 


Kiiim) Asi^pC 


Ai-di^Si-1 /•T^i 


(r) Jo 


< 


(r^i-s) '“i ^ ^{klsPw{s^/’^\m))^\\(^^^p^^^kiM) 

\AsJkPCo 


r(%^+^/-p)Cp(rQ,R^)(^o-i)'=i 




|R;(im)| II ^11 


< 


\As„p\klCo 


r(^ + 5z-p)Cp(rQ,R^)(^n-i)'=i 


Ai-d(+5i-l 

^0 


|Rz(im)| 
sup ——-—^ 
mSK |RD(^m)| 


V, 


for all 1 < p < d; — 1. Taking into account Lemma 2 and Proposition 6, we also get that 
co(e) 


(248) ||e 


-1 


Pm(Ur(i + 


-r- r (r‘' - 

kl) Jo 


1 


S /•+CXD 


(27r)^/2 



<Pfc 


0 J —oo 


j ((s — , m — mi, e) 


< 


X Ro(zmi)u;(x^/^Smi) ^ dxdrriA —\\{u,p,pMM) 

is JC j OC J s 

•JljO I ('^, ^T) 11 {u,l3,fj,,ki,ki)\\'^{'^: ^)l I {i/,l3,p,ki,ki) 


r(l + ^)(27r)V2 


Cp(rQ,Rj3) 


(6j3-l)fcl 


< 


<?i,o 


C7(iiV 


r(i + Cp(rQ,Rj3) (^D-i)% 
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Due to Lemma 2 and Proposition 7, 
-1 co,o(e) 


(249) ||e 


P™(r)r(l + 


1 P+CXD 

TT / ( / Co,o(m-mi,e) 

2o (27r)V^ 7-00 






< 


<?0,0 


C's'Jo'*^ 


r(l + ^)(27r)V2 


C'p(rQ,Rj3) 


-l)fel 


holds. Finally, from Lemma 2 and Proposition 5, we get 
-1 CF(e 


(250) ||e 


Pm(r)i (i + ^) 7o ■s 

I l”*Afci {'^1 ^)l \{u,/3,^,ki,ki) 


‘JpC'e 


r(l + ^)Cp(rQ,Rj3)(^D-i)'=i min^sR |RD(^rn)| 


< 


‘JpC'e 


r(l + ^)C'p(rQ,Rj3)(^D-i)'=i min^eR |RD(iw,)| 

Now, we choose v, <?o,o,<?o,<?i,<?i,o,<?P ,<?2 > 0 and rq^R^ > 0 such that 


-^2- 


(251) 


\Asu,pKCe 


-V 


1<P<<5d- 1 r(^D -p)C'p(rQ,RD)(*D-l^''l 

kt‘Ce 


+ 

1<KD-1 r(^)C'p(rQ,R^)I^H^ 


Aj—di+(5i —1 


\'Rl{im)\ 


^ 


IT3 r ^ 
mSR |Rd(*"i) 


V 


+ E 




Aj—d;+(5i —1 


i<P<^,-ir(%^+^/-p)Cp(rQ,R^)I"H^ ° 


+ 


<?1,0 


C'7<JiP 


+ 


•Jo.o 


\Til{im)\ 

IP r \ 
mSR |RD(*"i) 

C8<?01^ 


V 


^(1 + C'p(rQ,Rj3) (‘5 d-1)'=1 P(1 + fci)(2’’')^'^^ Cp(rQ,Rj3)(‘5D-l)'=l 

H--<J2 < V 

r(l + ^)C'p(rQ_Rj3)(^D-i)fci min^eR |RD(^m)l 


Gathering all the norm estimates ()245D . (I246D . (I247p . (j248p . ()249j) . ()25np under the constraint 
()25ip . one gets (12431) . 


Now, we check the second property (12441) . Let wi{t, m),W 2 {T, m) be in p ^ We take 

> 0 such that 

lkKD"l)ll(i.,/3,At,fci,fci) < 

for / = 1,2. 

From the estimates ()245p . (j246p . ()247p . ()248l) . ()249p and under the constraint (|240p . we find 
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that for 1 < p < <5 d — 1, 


P52) 


1 


^1 _ e'\^D-p-l 


Pm{r) "°’^r(« 5 D-p) 


- .) 


ds, 




< 


\As^,pKCe 


r(5D -p)C'p(?'Q,Rd)^^° 1 )''! 
holds and that for 1 < / < D — 1, 




(253) 


Pm(r) r(^) Jo 

Jl(„U ('cVfcl 


u fhiL_i 

(r^i — s) '“i 


ds , 


X {k^‘s ‘{wi{s ' \m)-W 2 {s ' — 


< 


kl‘CG 


.Vfci .^)))^| 
s 

^^l-di+Si-1 


r(%^)Cp(rQ,R,)i^HVr ° 


|R/(zm)| 

®^P IP r \i \\'^n^^'^) - W2{T,m)\\(^^f3 ^kiM) 
meK |RD(^m)| 


and 

(254) 


Ri(im) As^^pe 


A(-d;+(5i-l />r'=l _ d;_t. 




Pm(r 


^+Si-p) Jo 


{r^^-sY 


ds , 


X {k^sP{wi{s^^’"\m) - W2{s^^^Ym))) — \\(^^i3^f,^kiM) 


< 


\As„p\k^iCe 


r(%^ + <5i-p)C'p(rQ,R^)(^n-i)'=i 


A;-d;+(5;-l 

^0 


|R;(im)| II , , , >11 

mSK 


arise for all 1 < p < <5; — 1, together with 

^r'^l 


(255) ||e 


-1 


co(e) 


p^(r)r(i + ^)yo 


(^fci _ 


5 /*+00 


(27r)V2' 


0 J —oo 


- mi,e) 


X KoiimYiwiix^^^^mi) - W 2 ix^^^Ymi))- — ^-—dxdmi] 

[s — x)x J s ' ^ ' 

^ <?1,0 C7‘^i\\wi{T,m) - W2{T,rn)\\^^^i:i^p^kuki) 

~ r(l + ^)(2vr)V2 C'p(rQ,Rj3)l^HVr 
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and finally 


(256) ||e 


-1 


co,o(e) 


P^(r)r(l + 


1 P+CXD 

TT / ( / Co,o(m-mi,e) 

io (27r)V^ 


ds, 




< 


<?o,o C^^o\\wi{T,m) - W 2 {T,m)\\(^y^p^^ MM) 


r(l + ^)(27r)V2 

Now, we take <?o, 0 ) “JOj <?!) ^i,o and such that 


C'p(rQ,RQ)(^D“l)fel 




(257) - - 

1<P<<5d- 1 r(dD -p)C'p(rQ,RD)(^D-l)''l 


+ E 


fcf'Ce 


i</i5-i r(^)Cp(rQ,R^)(^D-i)'=i 


Ai-d;+<5(-l 

^0 


\Ri{im)\ 
sup ————^ 
mSK |Rd(«?P-)| 


+ E 


l■4^„pKC« 


,Ai—d;+(5( —1 


l<P<Sl-l r(^ + dz -p)Cp(rQ,Rj3) (^d-D'^i 


Rz(zm) 

IP (■ \ 

mSK |Rd(*"i) 


+ 


‘Ji.qC't^I +‘?0,oC'8‘?0 ^ \ 


r(l + ^)(2vr)V2 Cp(rQ,Rj3)(^D-i)'=i 


Bearing in mind the estimates (|252D . (|253D . (I254D . (I255D . (12561) under the constraint (12571) . one 
gets (I244p . 

Finally, we choose v and rq r^ such that both (|251D and (I257D are fulfilled. This yields our 
lemma. □ 

We consider the ball R(0, v) C ti fei fei) constructed in Lemma 12 which is a complete metric 

space for the norm \ \-\\[u,/3,^iMM)- From the lemma above, we get that is a contractive map 
from B(0,v) into itself. Due to the classical contractive mapping theorem, we deduce that the 
map has a unique fixed point denoted by '(/^^('(r, m, e) (i.e (V’J(r,m,e)) = V’fc, (r, m, e)) 
in B(0,v), for all e E D(0, eo). Moreover, the function V’fc(’(T, m,e) depends holomorphically on 
e in D(0, eo). By construction, '0 ^('(t, m,e) defines a solution of the equation (I233p . This yields 
our proposition. □ 

As a summary of Proposition 18, we get that the Borel transform m, e) of the 

formal series B(T, m, e) solution of the equation (I225p is convergent w.r.t r on D(0, p) as series in 
coefficients in for all e E D(0,eo), and can be analytically continued on each unbounded 

sector t/op as a function r i->- {t-, m, e) which belongs to the space F’E ti fci fci)' other words, 

the assumed constraints pi77p are fulfilled. 
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7.3 A linear initial value Cauchy problem satisfied by the analytic forcing 
terms z, e) 

We keep the notations and the assumptions made in the previous subsection. From the assump¬ 
tion (12241) . we deduce that the functions 

(258) Co(T, z,e) = co,o(e)-F"^(m Co,o(m, e))(z) ^ Co,n(m-, e))(z)r’', 

n>l 

F(T, z, e) = ^ F-\m ^ F„(m, e))(z)T” 

n>l 

represent bounded holomorphic functions on D(0, To/2) x x F)(0, eo) for any 0 < /?' < /? 
(where denotes the inverse Fourier transform defined in Proposition 9). We define the 
coefficients 

(259) co(t,z,e) = Co(et, z, e) , f(t, z, e) = F(et, z, e) 

which are holomorphic and bounded on D{0,r) x x D(0, cq) where reo < To/2. 

Proposition 19 Under the constraints \221\) . \22^) . Ii222\) . ^224^ and the assumptions \234^ , 
(1.2371 ), (MWp i 241 \ ), the forcing term pp (t, z, e) represented by the formula il80]} solves 

the following linear Cauchy problem 

(260) Q{d^){dtfp{t,z,e)) = z, e) 

D-l 

+ ^ <^^‘t'^^dpKi{dz)fp{t, z, e) -k co{t, z, e)'Ro{dz)fp{t, z, e) -k CF(e)f(t, z, e) 
i=i 

for given initial data pp{0,z,e) = 0, for allt gT, z G Hj^i and e G £p (provided that the radius 
ofT fulfills the restriction eor-j- < m.m{h',T q/2,To/2)). 


Proof From Proposition 18, we know that the formal series F{T,m,e) = Fn(^; e)T” 

is TTifc^—summable w.r.t T in all directions dp, 0 < p < ? — 1 (in the sense of Definition 4). 
Therefore, from the estimates (11771) . we deduce that the Laplace transform 




{u, m, e)e 


du 

u 


defines a bounded and holomorphic function on any sector 5^ p, y w.r.t T, for all m G M, 

'^pi k-^i 

all e G D(0,eo), where is a sector with bisecting direction hp, aperture p < Gki < 

^-|-ap(f7ap) and some radius > 0. Moreover, using the algebraic properties of the sums 

in the formula (|6T]) . we deduce that (t ipif^{T,m,e)){T) solves the equations (|229p and 
then (I225p for all T G , all m G M, all e G D(0,eo) and vanishes at T = 0. Now, let 

F^p{T,m,e) defined in (jl79F 


Lemma 13 The following identity 

F^p{T,m,e) = cX^r m, e))(T) 


holds, for all T G m G M, e G D(0,eo), as defined just after the definition (T7^, for 

77 < ^ < 77 -|- ^P('^0p) some radius h' > 0. 
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Proof By construction, we can write 


F^^{T,m,e) = k2 


'Fp \JLj,p 




k2ki ^ 


/ k-o I f /^\ko\ .dh\ _( 2 L\k 2 dll 

^ 2i7T Jy , ^vk 2 + \^ ^ } 

^Vp,k2,5' / 


V V fi I y 

for some 0 < 6' < where defined in Proposition 13. Using Fubini’s theorem yields 

(261) 
where 


F^^{T,m,e) = ki j 4>l^^ih,m,e)A{T,h)^ 

J LiJ-n 


(262) A{T, h) = k2 [ 

JLt 


-h 


2i7r 





«p(-(r)‘‘+ (r)''")- 




dv 
1^2 + 1 


U 


= dl?,.{u ^ {B\ {v ^ e ))(u))(r) 


for all T G m G M, e G -D(0, cq)- But we observe from the inversion formula (I112p that 

A{T,h) = exp(—(h/r)^i). Gathering (|261l) and (|262l) yields the lemma 13. □ 

From Lemma 13, we deduce that F®p(r, m,e) solves the equation (I225p for all T G all 

m G M and all e G 11(0, cq). Hence, using the properties of the Fourier inverse transform from 
Proposition 9, we deduce that the analytic forcing term P^{t, z, e) = F~^{m i-G F^p{et, m, e)){z) 
solves the linear Cauchy problem ([260]), for all t G T, all z G Hpi and all e G fp. □ 

We are in position to state the main result of this section 


Theorem 3 We take for granted that the assumptions of Theorem 1 hold. We also make the 
hypothesis that the constraints \221\) . ilililill) . \22A) . i 224 -\} and the assumptions ^234^ , ^231^ , 
h238\) . { 24 - 0 ^ , i241^ hold. We denote P{t, z,e,dt,dz) and P{t, z,e,dt,dz) the linear differential 
operators 


(263) P{t,z,e,dt,dz) = Q{dz)dt - 

D-l 

- dl^Ri{dz) - co{t, z,e)Ro{dz), 

1=1 

P{t,z,e,dt,dz) = Q{dz)dt - e('5D-P(^i+P-'5D+4('^°-^)(*^i+i)5f°RD(9^) 

D-l 

- y] e^H'^‘df^Ili{dz) - co{t,z,e)Ilo{^z)■ 

l=l 

Then, the functions u^p{t,z,e) constructed in Theorem 1 solve the following nonlinear PDF 


(264) P(t, z, e, dt,dz)P{t, z, e, dt,dz)u^^(t, z, e) 

= ciye)P{t,z,e,dt,dz) {Qi{dz)u^p{t,z,e) x Q 2 {dz)u^p{t, z,e)) 

+ Cip(e)cF(e)f(t,2;,e) 

whose coefficients and forcing term f are analytic functions on 11(0, tt-) x Hp/ x Z1(0, cq), with 
vanishing initial data u^p{0,z,€) = 0, for all t G T, all z & Hpi and all e G £p. Moreover, the 
formal power series u{t,z,e) = Xm>o constructed in Theorem 2 formally solves 

the same equation ^264\). 
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Proof The reason why u^p{t,z,€) solves the equation (126411 follows directly from the fact that 
vpp{t,z,e) solves the nonlinear equation 

P{t,z,e,dt,dz)u^p{t,z,e) = ci,2(e)((5i(5^)u®p(t, z, e) x Q 2 {d^)u^^{t,z,e)) + CF{e)f^{t,z,e) 
according to Theorem 1 and from the additional feature that {t, z, e) solves the linear equation 

P{t,z,e,dt,d^)fp{t,z,e) = CF(e)f (t, z, e) 

as shown in Proposition 19. Finally in order to show that u{t, z, e) formally solves (|264p we 
see that with the help of the second equality in (|217p and following exactly the same lines of 
arguments as in the last part of Theorem 2, one can show that the power series f{t,z,€) = 
^^> 0 /m(i)constructed in Lemma 11 formally solves the linear equation 

(265) P{t,z,€,dt,dz)fit,z,e) = CF(e)f(t, z, e) 

Combining the equations ()216p and ()265p yields the result. □ 
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